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Abstract

In this thesis, we study properties of the TQFT associated to the modular category
SO(p), for an odd prime p. We compute the associated representation pf ; : 1:: —
GL(V{ ;) of the central extension of the mapping class group 1/“\1/1 of the surface of
genus one with one boundary component specialized at a simple object a of SO(p)s.
Let ¢ = exp (%m’) be a primitive p-th root of unity. We show that for each a, there
exists a full-rank free lattice A, over the ring of integers Z|[(, i] inside the specialized
space Vi, that is preserved by the 1:: action. We also show that for each a, the
image of pf ; is a finite subgroup of GL(V{ ;). Finally, we relate the representations

GL(V{ ;) to the Weil representation over finite fields.

i



To my parents and my wife

1ii



Acknowledgments

First and foremost, I would like to thank my advisor, Thomas Kerler, for his
encouragement, patience, and of course, years of inspiring discussions. The notes
of our meetings will be my treasure for life. I would also like to express my deep
appreciations to my teachers at OSU, especially James Cogdell, Mike Davis, and
David Penneys, for always being willing to discuss math with me and providing many
helpful suggestions. I also want to thank Richard Ng from LSU, Eric Rowell form
TAMU, and Zhenghan Wang from UCSB for sharing their mathematical views. I
would like to thank my friends at OSU for making my life cheerful. I'm grateful to
Mike Belfanti for his friendship, which really shone over the seven years.

I would like to thank my parents, Zhihua Wang and Jun Wang, for always believing
in me and supporting me to pursue my dream to be a scholar. I hope they will be
proud of me when I get my degree and work as a mathematician. Soon, my time
spent without my father will be longer than my time with him; I will nonetheless
remember and admire his optimism and love for life.

Finally, I would like to thank my lovely wife, Mengyuan Chen, whose sincere and
joyful companionship makes me realize that despite the inevitability of the ultimate
loneliness and meaninglessness, hence the absurdity of life, the journey onto the Earth

is still worth the time.

v



Major Field: Mathematics

Vita

....... B.S., Mathematics, Zhejiang University

......... Graduate Teaching Associate

Department of Mathematics

The Ohio State University

Fields of Study



Table of Contents

Chapter 1 |Introductionl . . . . . . . . . . . . .. . . ...

Chapter 2 IModular Categories . . . . . . . . . . ... .. ... .. ......

2.1 Braided rigid monoidal categoried . . . . . . . . . . .. ... ... ..

|2 1.1 Momnoidal categoried . . . . . . ... ...

1.3 DBraided monoidal categories . . . . . . . . ... ...

Icturd ..o

2.2 Modular categoried . . . ... ..o Lo
|2_2 1 _Fusion categoried . . . . . . . .. .. ...
(0§ (<

2.3 Graphical calculus for modular categoried . . . . . . ... ...

raphical calculud . . . . . . .. . .. .. ...

itv: basis vectors in Hom-spaces . . . . . . .

3.3 Structural constants: F-matrices . . . . . . . . . .. ... ...

- iced ...

E&memmﬂ_fim
b5 Fualuation and comaluatiol

vi

i
il

v

ENTEEEN BN



Chapter

3 |TOFT and mapping cl

ass group representations

5.1

Cobordism categories

3.1.1 The category Cobg

3.3

3.1.2 The category Cob*

3.2 Topological quantum field theord . . . . . . ... ... ... .. ...

Mapping class group representations

3.3.1  Generators and tangle prese

actions

3.3.2 Mapping class grou

3.3.3  Computation of p¢,

3.3.4  Remarks on genus one mapping class groups

Chapter

4

)5 modular categories

The SO(

4.1

Introductio

4.2

Categorical data fo

4.2.1

Fusion rules

4.2.2 F- and R-matri

4.2.3  Modular data

Chapter 5

0.1

ix S'Y[zk]

5.1.2  The action of SY2x

5.1.3  The action of T2k

. Y,
b.1.4 Integral basis for V, ’[fk]

5.2

1-specializatio

5.3

Z-specializatio

5.2.1 Integral basis for Vi

0.3.1

The auxiliary matrix S

vil



5.3.2 The actionof S4 . . . . . . . ... 124

5.3.3 Theactionof T4 . . . . . . .. . .. .. ... ... ... ... 125

5.3.4 Integral basis for VZJ . . . . . ... ... ... 125
Chapter 6 [Discussionl . . . . . . . . . . ... 129
6.1 Examples of the integral matrices and their reductiond . . . . . . . . 131

601 SOMB)S . o oo 132
6.1.2  SO(B)S . - o o 134

6.1.3  SO(T)g . . . o o o 136

6.2 Image finitenesd . . . . . . ..o 138
6.2.1 The Yiou-specializationl . . . . . . . . . . ... .. ... ... 139

6.2.2 The 1- and Z-speciaizations . . . . . . . . ... ... ... .. 139

6.3 Relationship to the Weil representation . . . . . . . . . ... ... .. 142
Bibliographyl . . . . . . . .. 151

viil



Chapter 1

Introduction

Il faut imaginer Sisyphe heureux.

Albert Camus, Le mythe de Sisyphe

The formalism of Topological Quantum Field Theory (TQFT) was first introduced
by Atiyah [Ati88] and Witten [Wit89], and rigorous constructions of TQFTs using
quantum groups were invented by Reshetikhin-Turaev around 1990 |[RT91]. Any
TQFT specializes, in particular, to invariants of knots, links, and closed 3-manifolds.
For example, the TQFTs arising from the quantum groups at roots of unity associated
to the simple Lie algebra sly are closely related to the celebrated Jones polynomial.
Besides the quantum invariants, TQFTs also provide a series of (projective) represen-
tations of the mapping class groups of compact oriented surfaces, which are powerful
tools to study these groups.

The concept of TQFTs evolved over the years [Turl0, [KLO1]. In [RT91l KLO1],
TQFTs are constructed from the so-called modular categories. A modular category
is a finite, semisimple, abelian, C-linear, rigid, monoidal, ribbon category such that
the braiding is non-degenerate, see [EGNOT5]. In this thesis, a TQFT is a monoidal

functor

V:Cob®* —C (1.0.1)



from the category of 2-framed, relative cobordism category of compact oriented con-
nected surfaces with one boundary component to a modular category C.

A systematic way to construct modular categories is to use the representation
theory of quantum groups at roots of unity, see for example [APW95, [And92, [RT91].
The TQFT representations of mapping class groups arising from such modular cate-
gories are finite-dimensional and can be defined over a cyclotomic field Q(¢) where ¢
is a root of unity. In particular, the corresponding quantum invariants are elements
of Q(().

Algebraic properties of quantum invariants given by quantum groups are exten-
sively studied since the integrality result of of Murakami [Mur94l, Mur95], who showed
that the SU(2)- and SO(3)-invariants of 3-manifolds are algebraic integers. More pre-
cisely, those invariants are elements of the ring of integers of Q((, %), namely, Z[(, ],
where ( is a root of unity of prime order. The result was reproved in [MR9I7], gener-
alized to all classical Lie types in [MWO9S], [TY99], then to all Lie types by Le [Le03].
These results helped us relate the quantum invariants to other invariants such as the
Casson invariant [KM91l, Mur94, Mur95] and the Ohtsuki series [Oht95, [(Oht96| Le03].

A natural question to ask is whether one can define the whole quantum group
TQFT over Z[(] for some root of unity ¢ (in the sense of [Turl0l, Definition I1.1.4]).
Or, if one is more topologically inclined, he or she may ask if the representations of
the mapping class groups given by a quantum group TQFT are defined over Z[(]. If
either of these questions admits a positive answer, we can use the ideal structure of
Z[C] to detect refined topological information or properties. For example, in [GMO7]
the authors studied the Frohman-Kania-Bartoszynska ideal invariants [FKBO1] using
the integral SO(3)-TQFT. The integrality of the SO(3)-TQFT, especially, the explicit
Z[¢]-modules on which the mapping class groups act, enables the authors to give an

explicit finite set of generators for the Frohman-Kania-Bartoszynska ideal. Using



the generators of the Frohman-Kania-Bartoszynska ideal, the authors were able to
exhibit a family of examples of 3-manifolds with the homology of a solid torus which
cannot embed in S®. Another possible application of integral TQFTs is that we
can reduce these TQFTs by the natural reduction map Z[(] — Z/pZ[y]/(y*~') to
get the so-called p-modular TQFTs. The p-modular TQFTs have rich connections
to topological information of 3-manifolds, such as the Casson-Lescop invariants and
the Milnor torsion, see for example, [Ker(02]. We may also answer questions such as
the finiteness of the images of these representations with the help of the integrality
results.

For the SO(3)-TQFTs associated to an odd prime p (also referred to as the V-
theory), Gilmer, Masbaum and van Wamelen first constructed integral bases for genus
one and two [GMvWO04]. Then Gilmer and Masbaum generalized the results to arbi-
trary genus in [GMO07], hence completed the construction of the integral SO(3)-TQFT.
Note that in [GMvWO04] and [GMO07], the TQFTs under consideration are those as-
sociated to closed surfaces, and the authors restricted the type of cobordisms to the
so-called targeted cobordisms.

In this thesis, we study the integrality properties of the TQFTs associated to a
family of modular categories associated to the quantum groups Uy (so(p)), where p is
an odd prime, and ¢’ = exp (%m’). We denote these modular categories by SO(p)a.
The SO(p), categories are interesting subjects to study. The square of the quantum
dimensions of the simple objects in SO(p), are integers, and there exists a subcate-
gory that has the same fusion rules as Rep(Ds,), the category of finite dimensional
complex representations of the Dihedral group Ds,. The relationship between these
two categories are worth studying. The category SO(p)s also appears as the equiv-
ariantization [DGNOI0] of the Tamabara-Yamagami categories [TY98]. Moreover,

SO(p)s is intimately related to the metaplectic link invariants of Goldschmidt-Jones



[GJ89]. Using the relationship between SO(p)s and the metaplectic link invariant
construction, Rowell and Wenzl proved that the braid group representations arising
from the TQFTs associated to SO(p), have finite image [RW17]. Their result provides
evidences of the the Property-F conjecture [NR11], which posts that the braid group
representations arising from a TQFT associated to a modular category C have finite
image if and only if the square of the quantum dimensions of all of the simple objects
in C are integers.

From a physics point of view, the SO(p),-TQFTs emerge as an algebraic tool to
organize phases of matter in the context of topological quantum computing [HNW14].

Let g1 be a specific connected compact oriented surface of genus g with one
boundary component. Let I';; be the mapping class group of ¥ ;, which is the
group of isotopy classes of orientation preserving homeomorphisms of ¥, onto itself
such that the boundary component 9(%, ) is fixed pointwise. Let f;/l be a central
extension of I'y 1 by Z, carrying the 2-framing information.

Let p be an odd prime. Denote by Irr (SO(p)2) the set of representatives of iso-
morphism classes of simple objects in SO(p)s. Let V : Cob® — SO(p), be the TQFT
associated to SO(p)2 and let

Homgo(p), (a,")

Vo Cob® % SO(p)s Vec, (1.0.2)

be the specialization of V to a simple object a € Irr (SO(p)2). Let Vi, = V(X,,)
be the specialized space associated to ¥, ;. The TQFT axioms (see |[KLO1]) imply
that for any simple object a, we have a finite dimensional linear representation of the

central extension of the mapping class group

ply i Tyr — GL(VE)). (1.0.3)



In this thesis, we focus on the representation pf; of I:I Let ¢ := exp (%m’) be
a primitive p-th root of unity. The main result of this thesis is given in the following

theorem.

Theorem 1.0.1 (Main Theorem). For any simple object a € Trr (SO(p)2), there exists

a I:I,/l—invam'ant, full-rank, free lattice A, C Vi, over the ring Z[(, i].

The Main Theorem will follow from Theorem B.1.1] Theorem (.21, and Theorem
.31l
With the help of the integral bases (bases of the lattice A,) and [NS10, Theorem

7.1], we are able to show the following finiteness result.

Theorem 1.0.2. For any simple object a € Trr (SO(p)a), p'il(ﬁ,/l) is a finite subgroup
of GL( %,1)-

In addition, we can also relate the integral representations obtained from the Main
Theorem to the Weil representations over finite fields and the Birman-Craggs-Johnson
homomorphisms.

The structure of the thesis is as follows: in Chapter 2 we give the definition of
modular categories. We also introduce a graphical calculus to perform calculations
with morphisms of a modular category. This will be an important tool to compute
pi, and to construct integral bases. In Chapter 3, we introduce the notion of a
TQFT and the corresponding 1/“;7/1 representations pg,. We give an algorithm to
compute pg; using the tangle presentation of 1:;1, and compute pf; as an example.
In Chapter 4 we introduce the SO(p), categories, together with some notations for
future references. In Chapter 5 we use the techniques introduced in the previous
chapters to prove our main integrality result. Finally, in Chapter 6, we give examples

of explicit expressions of pf; evaluated on generators of 1:\1/1 with respect to the



integral bases and their reductions mod p. We will also discuss the image finiteness

and the relationship between pf, and the Weil representations over finite fields.



Chapter 2

Modular Categories

2.1 Braided rigid monoidal categories

We assume that the reader is familiar with the basic notions of categories, functors

and natural transformations.

2.1.1 Monoidal categories

The notion of monoidal categories dates back to Bénabou [Bén63] and Mac Lane
[ML63] as a formalism to study “categories with multiplications”. We follow [MLIS§]

to give a precise definition.

Definition 2.1.1. A monoidal category is a tuple (C,®,1,a, A, p), where
C is a category,
®:C xC — C is a (covariant) bifunctor,
1 € Ob(C) is an object, and
a:®o(ide Xx®) > ®o(®xide), A: ®o (1 xide) = ide, p: ®o(ide x 1) = ide

are natural isomorphisms. In other words,

apyw U (VW) S UeV)aWw, (2.1.1)

i1V SV (2.1.2)

7



and

py Vel SV (2.1.3)

are natural in any U, V,W € Ob(C). We call o the associativity constraint, and we
call X (p) the left (right) unit constraint respectively.
The tuple has to satisfy the following axioms.

Pentagon axiom:

U (Ve WeX))

QU v, weXx idy®ay,w,x

U (VW) X) UV)e(WeX)
aU,V®W,Xl laU®V,W,X
« id
UeVeW)eX DyWE y (UeV)eW)® X
(2.1.4)
commutes for any U, V, W, X € Ob(C).
Triangle axiom:
Ve W) LW y (VR1)@W
\ / (2.1.5)
idy ®@Aw pv Qidw
VoW

commutes for any V,W € Ob(C).

For simplicity we will denote a monoidal category by C.

Remark 2.1.1. Let (C,®,1,, A, p) be a monoidal category. Let Vi,...,V,, € Ob(C).
Mac Lane’s Coherence Theorem [MLIS8| Section VII.2| implies that any two paren-
thesized tensor products of Vi, ..., V,, in this order with arbitrary intersections of 1
are isomorphic by a unique isomorphism obtained by composing «, p and A and their

inverses (possibly tensored with identity morphisms). Therefore, in the following



context, we are free to drop parentheses and suppress a, A, p and their inverses.

Now we need a suitable notion of functors between monoidal categories that “pre-

serve the monoidal structures”. This inspires the following definition.

Definition 2.1.2. A monoidal functor between two monoidal categories (C,®,1,
a, A, p) and (D, &', 1",/ N, p) is a triple (F, ¢o, ¢2), where

F . C — D is a functor,

¢o : F(1) — 1" is an isomorphism,

¢9: ® o (F x F) = Fo® is a natural isomorphism. In other words,

G (V,W): F(V) & F(W) S F(V @ W) (2.1.6)

is natural in any V,W € Ob(C).

The conditions that the triple has to satisfy is that the diagrams

a%‘(U),F(V),F(W)
) ———(

FU)& (F(V)& F(W FU)® F(V)) & F(W)

idF(U)®/¢2(V7W)l laﬁz(U,V)@’idF(W)
FU) & F(VoW) FUeV) F(W) -~  (217)
¢2(U,V®W)l lqbz(U@V,W)
FU® (VW) Hovvw) pev)yew)
FY e F(vV) 22 paev)
¢o®’idF(V)l / lF(/\V) (2.1.8)
& F(V) — s p(v)

and



FV)e F) 2YY piv e 1)
id F(V)®I¢Ol lF (pv)

FV)e' 1! =Y pey)

commute for any U, V,W € Ob(C).

2.1.2 Duals and rigidity

Let C be a monoidal category, and let X € Ob(C).

(2.1.9)

Definition 2.1.3. An object X* € Ob(C) is called a left dual of X if there exist

morphisms

erX:X*®X—>]l

and

coevh 11— X @ X*

such that the composition

-1

«@ « i evl
(X @ X @X 2% ¥ o (x*gX) 9%, v

l .
coev'y ®id x

X

equals idx, and the composition

eVlX ®id x =

i +®Qcoevt Qy* *
X BV ye o (X @ X)X (X e X)) @ X X+

equals id x«.

10

(2.1.10)

(2.1.11)

(2.1.12)

(2.1.13)



Definition 2.1.4. An object *X € Ob(C) s called a right dual of X if there exist

morphisms

evy : X ®*'X — 1 (2.1.14)

and

coevy : 1 = "X ® X (2.1.15)

such that the composition

ax xx, X 0v§<®idx

¥ idx ®coev’y X® (*X ®X) (X ®*X) RX X (2116)

equals idx, and the composition

-1
Qs x X, * X

(X ®X)@ X XXX s x o (X @rx) TXEVE ey (2.117)

coev'y ®idx x

X

equals id«x .

Definition 2.1.5. An object in a monoidal category is called rigid if it has left and

right duals. A monoidal category is called rigid if every object in it is rigid.

Remark 2.1.2. For a given rigid monoidal category C, we will, generally, assume

that we have fixed a choice of the morphisms evl,coevh,ev’y and coevh for any

X € Ob(C).

For any morphism f : V — W we define the dual of f, denoted by f* to be the

morphism given by

11



= (evl, ®@idy+) o (idw+ ®@ f @ idy+) o (idy- ® coevl,) : W* — V*.  (2.1.18)
w \%4

It is shown in [EGNOI15] that « : C — C™? V +— V* for any object V € Ob(C),
and f — f* for any morphism f : V — W, is an equivalence of monoidal categories.
Here, C™° is the opposite category of C (see [MLIS|) equipped with the opposite
tensor product. More precisely, C"? = (C?, %, 1,a’, AP, p°P), where V @P W =

WeV, afyw =awyvy, A =p~', and p® = X\~ for any U, V, W € Ob(C).

2.1.3 Braided monoidal categories

Let Q : C x C — C x C be the component swapping functor, i.e., Q(V,W) =
(W, V) for all objects VW € Ob(C) and Q(f,g) = (g, f) for all morphisms (f,g) €
Hochc(V X VV, V' % W’)

Definition 2.1.6. Let C be a monoidal category. A braiding on C is a natural iso-

morphism [ : ® — ® o,

o

natural in any pair V,W € Ob(C), such that the following axioms are satisfied.

Hexagon Axiom I:

12



UeV)eWw 2% we (UeV)

U (VeW) WelU)eV

idUQm %idv

U (WeV) 22 UeW)eV
(2.1.20)

commutes for all U, V,W € Ob(C).

Hexagon Axiom II:

Ua(VeWw) ™ vew)eU

—1 —1

UeV)eW Ve (WaeU)

ﬁU,Vm %@ﬁ(ij

VeU)eoW —— Ve U W)

Yy u,w

(2.1.21)
commutes for any U, V,W € Ob(C).

Note that the commutativity of Diagram (2.1.21]) for S implies the commutativity
of the Diagram (ZI.20) for 37! and vice versa.

Definition 2.1.7. A monoidal category C together a braiding [ is called a braided

monoidal category, or a braided category.

Again, we are interested in functors between braided monoidal categories that

preserve structures.

Definition 2.1.8. Let C,D be braided monoidal categories with braidings denoted by
B¢, BP respectively. A monoidal functor (F,¢g, ¢2) : C — D is called braided if the

13



diagram

BR).F(v)

F(X)® F(Y) F(Y)® F(X)

¢ﬂxgql léﬂxxj (2.1.22)
F(B% v)

F(X®Y) » F(Y ® X)

commutes for all X, Y € Ob(C).

2.1.4 Ribbon structure

Definition 2.1.9. A twist on a braided, rigid, monoidal category C is a natural

isomorphism 0 : ide = ide such that

Ovew = (B @ Ow) o Bw,v o Byw (2.1.23)

for all V;W € Ob(C). A twist is called a ribbon structure if

(6v)" = by (2.1.24)
for any V€ Ob(C).

Let C be a braided, rigid, monoidal category with a ribbon structure 6. For any

V € Ob(C), define the Drinfeld morphism vy : V. — V** by

idy ®coevy « By, vx ®idy «x evy Qidy «x
-

1% VeV V* VRV @V Ve
(2.1.25)

Note that we ignore the parentheses and suppressed the associativity constraints here

(see Remark 2.T.T]). The Drinfeld morphism v is natural in V' and it is actually an

isomorphism, for example, see [EGNOI5, Section 8.10] for a proof. Let ¥ be the

14



natural isomorphism defined by the composition of the Drinfeld morphism and the

ribbon structure

U =vod. (2.1.26)

By the discussion above, for any V' € Ob(C), V is isomorphic to V** via the isomor-
phism Wy : V =5 V**. Note that Uyew = Yy @ Uy (using Equation (Z1.23)), but
Vyew is not equal to vy ® vy .

Let C be a braided rigid monoidal category with the ribbon structure 6. Let

VU = v o6 be the above natural isomorphism.

Definition 2.1.10. For any V € Ob(C) and any f € Ende(V) = Home(V,V),
the quantum trace of f, denoted by tr(f), is an element in Endc(1) defined by the

following composition of morphisms:

\I/V®idv* evy

tr(f): 1 2 @y L2V g e TVEVe g g e SV g (9.1.27)

Definition 2.1.11. The quantum dimension of V' € Ob(C), denoted by dy, is defined

to be the quantum trace of idy . In other words,
dy = tr (idy) € Ende(1). (2.1.28)

2.2 Modular categories

2.2.1 Fusion categories

Let C be a C-linear abelian category. For detailed definitions of such a category

as well as the definition of the zero object and subobjects, the reader is referred to

15



[EGNO15] Chapter 1 or [BKO1] Chapter 1.

Definition 2.2.1. An object a € Ob(C) is called simple if 0 and a itself are its only
subobjects. We call C semisimple if every object b € Ob(C) is isomorphic to a direct

sum of simple objects.

From each isomorphism class of simple objects of C, we choose a representative.
The set of the chosen representatives of isomorphism classes of simple objects in C is
denoted by Irr(C).

Semisimplicity can be expressed by the following formula for any b € Ob(C):

b H M, a)a. (2.2.1)

a€lrr(C)

Here, M (b, a) € Z>¢, and there are only finitely many a € Irr(C) such that M (b, a) #
0.

Besides Equation (Z2.1]), in this thesis, we mainly use the following facts about a

finite semisimple C-linear abelian category C:

1. Spaces of morphisms (or Hom-spaces) of C are finite dimensional vector spaces

over C;
2. In Equation (Z21)), M (b, a) = dim(Home(b, a));

3. There are finitely many isomorphism classes of simple objects. Let |Irr(C)| be

the cardinality of Irr(C), we have |Irr(C)| < oo;

4. (Schur’s Lemma.) For any a,b € Irr(C),

Home/(a, b) = 0,4,C. (2.2.2)

16



Definition 2.2.2. Let C be a finite semisimple C-linear abelian category. We call C
a fusion category if C is also a rigid monoidal category such that the tensor product

® : C x C — C is bilinear on morphisms and 1 € Irr(C).

Natural examples of fusion categories include Vee, the category of finite dimen-
sional vector spaces over C with the tensor product given by the vector space tensor
product. The tensor unit 1 is C, the one-dimensional vector space. The category
Rep(G) of finite dimensional representations over C of a finite group G is also a
fusion category with the tensor unit being the trivial representation.

Let C be a fusion category. Rigidity guarantees that the tensor product functor
® : C x C — C is biexact. More precisely, it is shown in [BKOIl, Proposition 2.1.8]

that for any short exact sequence

0—=a—=>b—=c—0 (2.2.3)

in C, and any j € Ob(C), the sequences

0—=2a®]—=b®)]—=>c®j—0
(2.2.4)

0= 7j®a—jRb—>7j®c—0

are exact.

Definition 2.2.3. The Grothendieck group Ky (C) of an abelian category C is the
quotient of the free abelian group on the set of all isomorphism classes of objects in C
modulo the relations (b) = (a) + (c) for any short exact sequence 0 — a — b — ¢ — 0
in C, where (a) stands for the isomorphism class of a. If C is a fusion category, the

tensor product endows Ko (C) with a ring structure whose multiplication is given by

(a)(b) = (a ®b). We will call the ring K (C) the Grothendieck ring of C.
Note that the multiplication is well-defined when the tensor product is biexact.

17



Note also that as abelian groups,

K, (C) = 7O, (2.2.5)

Let C be a fusion category. Then a ring structure of Ky (C) is determined by the

following data. For any a,b € Irr(C), Equation (Z.2.1)) implies that

(@) () =(a@b) = Y Nye), (2.2.6)

c€lrr(C)

where N¢ = dim(Home(a ® b, ¢)). In practice, we will also write

a®b= P Nie (2.2.7)
c€lrr(C)

by abuse of notation, and we will call both Equations (226 and ([22.7) the fusion
rules of C. N&, are called fusion coefficients. A triple (a,b,c) of simple objects in C

is called admissible if NS, # 0.

Definition 2.2.4. A fusion category C is called multiplicity-free if for any a,b,c €

Irr(C), NS equals either 0 or 1.

It can be shown that if C is a fusion category, then for any object a € Ob(C), there

Y

are isomorphisms *a = a*, and a = a™. (For a proof, see [EGNO15] Proposition
4.8.1). Hence when we are working with fusion categories, we don’t distinguish the

isomorphism classes of the left and right duals of an object.

Definition 2.2.5. A fusion category C is called self-dual if for all a € Ob(C), a = a*.

2.2.2 Modular categories

Definition 2.2.6. A fusion category C equipped with a braiding 3 is called a braided
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fusion category. A braided fusion category equipped with a ribbon structure 0 is called

a ribbon fusion category.

The ribbon categories in the rest of this thesis will all be understood as ribbon
fusion categories.
Let C be a ribbon category with the ribbon structure 6. Note that by Schur’s

Lemma, for any simple object a € Irr(C),

6, € Home(a,a) = C (2.2.8)

is a non-zero scalar multiple of id,. By abuse of notation, we will denote this scalar
again by 6,,.

Note also that in a ribbon category C, Schur’s lemma implies that the quantum
trace of any endomorphism, in particular, the quantum dimension of any object in C,
is in End¢(1) = C.

Recall that for a fusion category C, |Irr(C)| < oo.

Definition 2.2.7. Let C be a ribbon fusion category. For any a,b € Irr(C), define

Sap := 1t (Bpa © Bap) € C = Ende(1). (2.2.9)

C is called a modular category if the (|Irr(C)| x |Irr(C)|)-matriz

§ = (8ab)a,betm(c) (2.2.10)

1s invertible. We call § the unnormalized S-matrix.

The reason we call the ribbon categories satisfying the above condition modular
is because their relationship to the modular group SL(2,Z), as is explained in the

following.
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It is shown in [ENOO5, Section 2.1] that in a ribbon category C, d, € R, and

d? > 0 for any a € Irr(C). Let

dim(C) = Y d2 (2.2.11)

a€lrr(C)
be the the global dimension of C. In particular, dim(C) # 0. Denote the positive

square root of dim(C) by D

D := /dim(C). (2.2.12)

We call the matrix

5 (2.2.13)
the (normalized) S-matriz.
Consider another (|Irr(C)| x |Irr(C)|)-matrix t with entries
tjk = 5]'7]@9]' (2214)

for all 7, k € Irr(C). We call t the T-matriz of C.
The reason we consider s and t is that they are important invariants of the category

C. Let

(2.2.15)

Q>
I

and
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7= (2.2.16)

be the standard generators of SL(2,7Z).

For any finite dimensional complex vector space V', let M € GL(V) be an auto-
morphism of V. Let PGL(V') be the quotient of GL(V') by its center. We denote the
equivalence class of M in the group PGL(V') by {M}.

It is well-known (see, for example [BKO1]) that when C is a modular category, the

map

w:SL(2,Z) — PGL(K(C) ®z C) (2.2.17)

sending ¢ to {s} and 7 to {t} is a group homomorphism. In other words, p is
a projective representation of the modular group SL(2,Z). The S-matrix and the
T-matrix are usually referred to as the modular data of the category C. It is worth
noting that Ky(C)®zC has the structure of a finite dimensional semisimple C-algebra.
The interested reader is referred to [Lus87]. Algebraic properties of the modular

representation p will be discussed in the following chapters.

2.3 Graphical calculus for modular categories

2.3.1 Introduction to graphical calculus

In this section we introduce a graphical calculus as a useful tool to represent
morphisms in a modular category C [RT91]. From now on we will assume that C is
multiplicity-free with structural morphisms «, 3, A, p, 0 as introduced in Chapter 1.

We represent a morphism f : a — b by the picture
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¥ : (2.3.1)

a

reading from bottom to top. We can think of the directed strings colored by a and
b as the source and target of f. The meaning of the directions of the strings will be
explained later. The box colored by f (or “f-colored coupon”) keeps track of the
name of the morphism.

Composition of two morphisms is represented by stacking one diagram on top of
another. More precisely, if f :a — b, g : b — ¢ we have the following pictorial

equivalence:

c c
g
gof = b ) (2.3.2)
f
a a

Note that two morphisms are composable if and only if the colors of their source and
target strands match.
Tensor products of morphisms are given by horizontal juxtaposition. If f: a — b,

g :c— d, then
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b®d d
f®g = g : (2.3.3)
a®c c

By Mac Lane’s Coherence Theorem, we can suppress the associativity constraint o

(Remark 2.1.T]).

To special morphisms we assign special pictures. We view a single strand colored

by an object pointing upwards (as indicated by the arrow on the strand) both as the

identity morphism of the object and as the object itself, and we view a single strand

colored by a pointing downwards as the identity morphism of a*. For simplicity, we

usually omit the tensor unit object or denote it by a dashed line. The pictures for

the above conventions are

id,

and

23
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: (2.3.5)



(2.3.6)

1

Evaluation and coevaluation are given by a cup and a cap “bending left” (oriented

left at the extrema):

ev, evy,
+ + B # + B @ (2.3.7)
a* a a a
Similarly,
a a* a a
T T e
g prm— a
coevy, coevy,

In this way, rigidity conditions become topological moves

(2.3.9)

and
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- a . (2.3.10)

We denote braidings by

b a
* * b a
5 - \
- (2.3.11)
TSN
a b

and

= Q

I
IS

\0‘

’ * / : (2.3.12)

We denote the twist and its inverse by

| B

Lo (2.3.13)

a a

As discussed in the last section, for a simple object a € Irr(C), 6, acts a scalar, which,

by abuse of notation, is denoted again by 6,. In graphical calculus, we write
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I (2.3.14)

a

2.3.2 A gift from linearity: basis vectors in Hom-spaces

Hom-spaces in C are finite dimensional C-vector spaces. In this section, we give
graphical presentations of the basis vectors. By Schur’s lemma, for all simple object
a, we pick id, as the basis vector of the 1-dimensional vector space Home/(a, a).

By assumption, C is multiplicity-free, which means that for all admissible simple
objects a, b, ¢, Home(a,b® ¢) and Home (b ® ¢, a) are 1-dimensional. We will choose a

basis vector for each Home(a, b® ¢), and denote the basis vector by a trivalent vertex

b c

(2.3.15)

a

For completeness, we adopt the convention that if a, b, ¢ are not admissible, then the
trivalent vertex colored by any order of a, b, ¢ is understood as 0.

We denote a chosen basis Home(b ® ¢, a) by the trivalent vertex

a

(2.3.16)

b c
By ([Turl0l Lemma II1.4.2.3]), there is a non-degenerate bilinear pairing
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(-,-): Home(a,b® c) ® Home(b® c,a) — c
tr(go f) (2.3.17)

f®g > a0

between the Hom-spaces. In terms of graphical calculus, we have

T
g
b c = (L9 }. (2.3.18)

f
t

In fact, we can define the form (-, -) between any non-zero Hom-spaces Home(V, W)

a

and Home (W, V') for objects V, W € Ob(C). Therefore, we can identify Home (W, V)
as the dual space of Home(V, W) (note that the dual here is taken in the category of
vector spaces).

We normalize the trivalent vertex bases of Home(a, b® ¢) and Home(b® ¢, a) such

that

b ¢ = Oaal (2.3.19)

a a

We often refer to this formula as the boz-elimination formula, or the bigon relation.
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Lemma 2.3.1 (Fusion-splitting formula). For any pair of simple objects a,b € Irr(C),

a b a b

— Z c = Z c . (2.3.20)

c€lrr(C) c€lrr(C)

a b a b a b

Note that if Home(a®b, ¢) = 0, the morphism represented by the picture summand

in the middle is the 0 morphism, so we have the second equality for free.

Proof. 1t is enough to show that the first term is equal to the third term.

Since C is multiplicity-free, we have

awb= P c (2.3.21)

celrr(C)
N, =1

By the definition of direct sums in linear (or more generally, abelian) categories

[IML9S], there exist f. € Home(a® b, ¢) and g. € Home(c, a ® b) for every ¢ such that

idagy = Z Ge © fo. (2.3.22)
c€lrr(C)
Ne,=1

Since C is multiplicity-free, we also have Home(a®0b, ¢) ® Home (¢, a ®0b) is at most

one-dimensional. Hence, for any ¢ € Irr(C) such that N = 1, there exists a complex

number pu(a,b, c) # 0 such that
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a b
geo fo = pla,b,c) I : (2.3.23)
a b

Equation ([Z33:22)) now becomes

= p(a,b,c) I (2.3.24)
cEIrr
N‘b_l

For any m € Irr(C) such that N/} = 1, composing both sides of the above equation

a b

with the trivalent vertex basis for Home(a ® b, m), we have

m
a b
= Y plabe) . (2.3.25)
cEIrr(C C
b—l
a b

By Equation (2:3.19), we have

)\ = u(a,b,m) )\ (2.3.26)
a b a b

Therefore, for any simple object m such that NI} = 1, we have p(a,b,m) = 1. Now

Equation (Z3.24]) becomes
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= > c . (2.3.27)

2.3.3 Structural constants: F-matrices

For any simple objects a,b,¢,l € Irr(C), consider an isomorphism F¢, defined by

requiring the following diagram of isomorphisms to be commutative:

@ Home(a,b® m)® Home(m,c®1) —— Home(a,b @ (c®1))

melrr(C)
T | lH(’mC(“"“bvc’” . (2.3.28)
@ Home(a,n ® 1) ® Home(n,b® ¢) —— Home(a, (bR c) @ 1)

nelrr(C)

where the horizontal isomorphisms are given by (see [Turl0] Lemma VI.1.1.1 and

VI.1.1.2)

(f,9) = (idy@g)o f (2.3.29)

and

(f',9") = (¢ ®@id) o f’ (2.3.30)

respectively. Note that Home(a, ) : C — Vec is a covariant functor. Since oy is an

isomorphism, Home(a, ap.;) is an isomorphism.
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Therefore, if Home(a,b ® ¢ ® [) # 0, we have bases for the C-vector spaces

@ Home(a,b@m)®@Home(m,c®l) and @ Home(a,n®[)®@Home(n,b®c) re-
melrr(C) n€lrr(C)

spectively built from the trivalent vertex basis in the previous section. More precisely,

we have the right branched basis

b c l
{ m : m € Irr(C), Home(a,b ® m) ® Home(m, c ® 1) #O}
a
(2.3.31)

for @ Home(a,b®m)® Home(m,c® 1), and left branched basis

melrr(C)

b c l
{ n : n € Irr(C), Home(a,b®@n)@Home(n, c®1) # 0} (2.3.32)

a

for @ Home(a,n® 1) ® Home(n,b® c).

nelrr(C)
Recall that in the graphical calculus, we usually omit the associativity constraints

Definition 2.3.1. For simple objects a, b, c,l € Irr(C), if Home(a,b® c®1) # 0, we
define the F-matrix F, to be the matrixz presentation of the isomorphism Ji., defined

in Diagram (2.3.28), with respect to the left and right branched basis defined above.

We usually view the left and right branched bases as bases for Home(a,b ® ¢ ® 1)
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via the horizontal isomorphisms in Diagram (2.3.28)), and, therefore, we view the

F-matrix as a change of basis matrix in Home(a, b ® ¢ ® [). Graphically, we have

b c l
m = > (Fum (2.3.33)
nelrr(C)
a

We denote the inverse of the F-matrix £y}, by Gj,. In other words,

bel)m (2.3.34)
nEIrr(C

Once we pick a basis for each Home(a,b ® ¢ ® ) (either left or right branched),
we can simply choose the basis for Home (b ® ¢ ® [, a) to be the respective dual basis
via the non-degenerate bilinear form extending the one in Equation (2.3.17). We will
call the dual basis to a left (right) branched basis a left (right) fused basis.

Graphically, the right fused basis for Home (b ® ¢ ® [, a) is given by
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)>\ :m € Irr(C), Home(c®1, m) @ Home(b®@m, a) # O}, (2.3.35)

and the left fused basis for Home (b ® ¢ ® [, a) is given by

/J\ : n € Irr(C), Home(b® ¢,n) @ Home(n ® 1, a) # 0}. (2.3.36)

Using the bilinear pairing Equation (2.3.17) between the spaces Home(a, b® c®1)

and Home(b® ¢ ® [, a), we have

(2.3.37)

§ Fbcl
n€elrr(C)

- Y (@) /J\ (2.3.38)

nelrr(C)

X
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In practice, we will use both left and right branched basis depending on the

problem, and we change the bases using F-matrices.

2.3.4 Structural constants: R-matrices

We can also compose braidings with the basis vector in Home(a, b ® ¢) for simple
objects a, b, c. Recall that by the multiplicity-free assumption, if Home(a, b ® ¢) # 0,

it is 1-dimensional.

Definition 2.3.2. Let a,b,c € Irr(C) such that Home(a,b ® ¢) # 0. We define the

R-matrix R, to be the scalar such that

\ c b
= Iy, : (2.3.39)
b c

Remark 2.3.1. R}, should be viewed as a (1 x 1)-matrix. When C is not multiplicity-

free, the R-matrix will be an (Vg x N )-matrix.

By the above definition and the fact that 5; Cl 0 B = idpge, we immediately have

/ b c
= (Rp.)™" . (2.3.40)
c b

Moreover, by identifying Home (b ® ¢, a) with the dual space of Home(a, b ® ¢) via

the pairing (23.17), we have
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= Iy, (2.3.41)

and

S|

= (R:)™! . (2.3.42)

2.3.5 Evaluation and coevaluation

For any simple object a € Ob(C), there are fixed special morphisms in the 1-
dimensional C-vector spaces Hom¢(1,a ® a*) and Home(a* ® a, 1), namely, the eval-
uation and coevaluation morphisms. In this section, we relate evaluation and coeval-
uation to the basis vectors in the corresponding Hom-spaces. Let a € Irr(C) be a
simple object.

For the evaluation, we set

= /\ = /A\ . (2.3.43)

a
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Consider the morphism

a®at 22% o9 at —>ﬁa’a* a* ®@a =2 1. (2.3.44)

Pictorially, it is given by

(2.3.45)

Note that by rigidity, we have

, (2.3.46)

a a

where the part of the picture between the dotted lines represents the Drinfeld mor-
phism v, (cf. Equation ([ZI.25])). Therefore, the part of the picture starting from the
left end up to the top dotted line stands for the isomorphism ¥V, = v, 06, : a — a**
identifying a with a** (cf. Equation (2.1.20)).

It is shown (see, for example, [Turl(, [Kas95]) that there is a choice of rigidity
morphisms such that the above morphism is exactly ev,+ when we identify a with a**

via the isomorphism W¥,, and we will fix this choice. In other words,
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. L0

Combining Equations (2.3.13] 2.3.42)) and (2.3.43)), we have

_ R 9, /A\ . (2.3.48)
a

a
By Definition (2.1.10) and the above discussion about the graphical calculus pre-
sentation of ¥, for any V € Ob(C) and any f € Endc(V), the quantum trace of f is

given by

tr(f)=| f . (2.3.49)

In particular, the unnormalized S-matrix entries (see Equation (2.2.9)) can be given

graphically as the value of the Hopf link colored by the corresponding simple objects:

oy = . (2.3.50)

a b

Once we have the above normalization for evaluations, the normalization for co-
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evaluations cannot be arbitrarily chosen. More precisely, we have the following lemma.

Lemma 2.3.2. For any a € Irr(C), we have

dg
= . .3.51
R*Ha\/a (2351

Note that since the braiding and the twists are isomorphisms, R .6, # 0.

Proof. Since Home(1,a ® a*) is one-dimensional with the fixed basis

v , (2.3.52)

U =z, v (2.3.53)

By the definition of the quantum dimension, we have

d, = tr(id,) = 2, R0
(2.3.54)
a

= xaRﬂ

we have

for some z, € C.

Rigidity yields the following lemma.
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Lemma 2.3.3.
(£

a*aa*

)1q @a = Riyeba. (2.3.55)

aa*”a

a

RO,

Proof. Again, let x, =

By rigidity,

(2.3.56)

Since

- Z (th:aa*)b]l ¢

belrr(C) b

and the only summand on the right hand side that is possibly non-zero is given by

the b = 1 term. In other words, we have

“ . (2.3.58)

Z (F;:aa*)bn ¢

belrr(C) b

= (F%

rar) 11

Putting the above equations together, we have
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@ a
= 20 (Ffraa )y N2 =20 (Fliga) gy | (2.3.59)
a a

a

hence we have

Ta (Fiag) gy = 1. (2.3.60)

In particular, (F. >11]1 # 0.

a*aa*

Similar to the normalization of ev,« (see Equation (Z3.47)), coev,- is given by

R
- " RL.g, Tt "

a (2.3.61)
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Chapter 3

TQFT and mapping class group representations

3.1 Cobordism categories

3.1.1 The category Cob]

For each g € Z>(, we construct a compact, connected, oriented surface of genus g
with exactly one boundary component which is homeomorphic to S* as follows. Pick
a disc B? and cut out 2¢g open discs along a diameter of B2. Along the cut boundary
components glue in g cylinders such that the connected boundary components of each
cylinder are glued to two consecutive holes with compatible orientation. For each g

the above construction will be our model surface, and we will denote it by >, ;.

Yig1 = (3.1.1)
For two surfaces ¥,; and Xy 1, let
Yihg) = —2n1 Usixo St x [0,1] Ugyq Bg.1 (3.1.2)

be the closed oriented surface of genus g + h obtained by gluing the original surfaces
along their boundaries with a cylinder S! x [0,1] inserted. Moreover, it is assumed

that the identifications S* x 0 = (=9%;;) and S' x 1 = 9%, are orientation
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preserving diffeomorphisms. We give the following definition according to [Ker03].

Definition 3.1.1. A relative cobordism from ¥, 1 to X, is a pair (M, ¢), where M is
a compact oriented 3-manifold, and ¢ : IM = Xy, g is a homeomorphism. Two rela-
tive cobordisms (M, ¢) and (M',¢") are called equivalent if there is a homeomorphism

w: M = M’ such that the following diagram commutes

oM > E[hyg]

wm % . (3.1.3)

oM’

We will write the equivalence class of (M, ¢) as [M, ¢).

The composition of two relative cobordisms (M, ¢rr : OM = iy, 4) and (N, oy :
ON = Xg1) is the relative cobordism (N o M, ¢nopr : ON o M — Xy 1 obtained
from gluing two cobordisms together along the common boundary piece ¥, using
the maps ¢, and ¢, and then shrinking the cylindrical part monotonously such that
it has height 1. It is shown in [KLOI] that the resulting homeomorphism class does
not depend on the choices of M and N in their classes.

By the discussions above, we obtain a category whose objects are given by the set
of standard surfaces »,;, and whose morphisms are the homeomorphism classes of

relative cobordisms [M, ¢|. We denote this category by Coby.

3.1.2 The category Cob’

To construct topological quantum field theories, we will need more information
encoded in the cobordisms than the topological structures given above. Namely, we
are interested in 2-framed cobordisms between surfaces in Cob;. A 2-framed relative

cobordism class can be characterized by a relative cobordism class [M, ¢ together with
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a non-negative integer, which can be given by the signature of a 4-manifold bounding
a particular closure of M. For a detailed definition, see [Ker99] and [Ker03].

The new category, with the same set of objects X, ; as in Coby, whose morphisms
are 2-framed relative cobordisms classes, is denoted by Cob®. We view it as an
extension of Cob) by Z on the level of morphisms. In other words, there is an

essentially surjective full functor

Cob* — Cob;. (3.1.4)

It is shown in [Ker(03, [KLO1] that Cobf carries a monoidal category structure. We
first describe the tensor product on objects. Fix a disc with two holes P = D? —(D?L
D?). Given two surfaces ¥g1 and Xp 1, we sew them into the two holes of P such that
24,1 is on the left and ¥ ; is on the right. Align the handles of ¥, and ¥ ; from left
to right, then there is a unique homeomorphism mgp : X1 Ust P Ug1 Xp 1 =Y Ygthi
up to isotopy which maps the corresponding handles in order onto each other. Given
two cobordisms M : X, — X1 and L : X, ; — X, 1, the tensor product is obtained
by gluing the cobordisms into P x [0, 1] and using the m,; and m,, to adjust the
boundary identifications so that M @ N : ¥4, 1 — Xpiq1. It is shown in [KLOT] that
the tensor product defined above lifts to the 2-framing structure, therefore, endowing
Cob® the structure of a monoidal category. Moreover, Cob® has a braiding. For

details, see [KLO1J.

Theorem 3.1.1 (Theorem 3, [Ker03]). Cob® is a braided monoidal category with
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objects By 1 = L7,

3.2 Topological quantum field theory

Let C be a modular category. Let &€ = @ ya* ®a € Ob(C). The following

a€lrr(C

definition is a special case of the extended TQFT formalism in [KLO1].

Definition 3.2.1. A Topological Quantum Field Theory for compact connected ori-
ented surfaces with one boundary component (TQFT) associated to the modular cat-

egory C is a monoidal functor

V:Cob® —C (3.2.1)
such that V(X,1) = €.

Remark 3.2.1. Note that if V is a TQFT, then ¥,; = Z?‘{ implies that for any

g € L,

V(Zg1) = V(ED]) = V(1)) = 9. (3.2.2)

Definition 3.2.2. Let V : Cob® — C be a TQFT. For any a € Ob(C), a special-

ization of V at a is the composition of functors

Home (av')

Ve Cob® 5 C Vec, (3.2.3)

where Vec stands for the tensor category of vector spaces over C.

We introduce the following notation for simplicity. First of all, for a € Ob(C), we

denote the specialized spaces by
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Vi, = V(%) = Home(a, %)

(3.2.4)
= P  Home(a,h; @b @ - @b @b,).

(B1,erb) ELT(C)

3.3 Mapping class group representations

3.3.1 Generators and tangle presentations of I:;l

One of the most significant applications of TQFT is the implied existence of the
extended mapping class group representations. Here we briefly recall the definition

of the mapping class group.

Definition 3.3.1. The mapping class group of ¥4, denoted by I'y 1, is the group of
isotopy classes of orientation preserving homeomorphisms of X451 onto itself leaving

the boundary component 0%, 1 = St pointwise fized.

By abuse of notation, we do not distinguish a representative orientation preserv-
ing homeomorphism and its class in I'y ;. To any v € I'y 1, we consider a cobordism
denoted by C,. As a 3-manifold, C, is ¥, x [0, 1] together with boundary identifica-
tion to ¥, g given by idy,, on ¥,; x 0 and v on ¥, ; x 1. The cobordism C., depends
only on the isotopy class of v € I'g ;.

Let 1:;1 be the central extension of I'y; by Z, which carries the 2-framing infor-

mation. In other words, we have the following short exact sequence

1 —Z — Ty — Ty — 1. (3.3.1)

Let Autcgepe (X41) be the group of automorphisms of ¥, ; in Cob®.
It is shown in [KLOT] that

Theorem 3.3.1 ([KLO1]). For any g € Z>o, there is a group isomorphism
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by Uy — Auteoope (3g1)- (3.3.2)

In particular, if we forget the 2-framing, for any v € I'y 1, €, sends v to C,,.

It is a standard result that I'; ; can be generate by a finite set of Dehn twists along
simple closed curves on X, (see, for example, [FM12]). We denote the generating
curves by m;,l; and w; (meridian, longitude and waist respectively), and the Dehn

twists along the curves are denoted by M, L; and W; respectively.

w1 Wa
(3.3.3)

ma

To make the computations in the rest of the paper slightly easier, we use the set

{T;,S;, Dy} as generators of the mapping class group, where

T; = Mj,
Sj= ML M (3.3.4)
Dy = M ' M, Wy,
forj =1,..,9,and k = 1,...,g — 1. We can lift the above generators of I'y; to be
generators of 1:;1. The way we lift the generators to f;/l will be specified by the tangle
presentation introduced in the next section. By an abuse of notation, we denote the
lifts of the generators again by T}, S;, D.
To generate 1:;1, we need one more generator. Consider the cobordism Ck €

Aut cope (X4,1) given topologically by ¥, 5 x [0, 1] with its framing changed by one. It
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is easy to see that the element

K =" (Ck) (3.3.5)

is a central element in 1:;/1 for any g. By [Ker03, Corollary 6] and [Theorem 3.3.1,

we have

Proposition 3.3.1. The group f;/l is generated by K, Tj, S; for j = 1,...,g, and
Dyfork=1,..,9— 1.

A useful way to study Cob® is to study its tangle presentations as shown in
[Ker99, Ker03].

We first define the category Tgl. Its objects are non-negative integers. To describe
a morphism from k to [, we first define framed tangles. A tangle is an embedding
of a compact one-dimensional manifold T (not necessarily closed) into R? x [0, 1].
A framing of a tangle T is a trivialization of its normal bundle (see, for example,
[MP94]).

For non-negative integers k, [, consider the set thlﬁc of framed tangles in R? x [0, 1]
with 2k end points labeled by 17,17, ..., k=, k™ at the bottom line R, x 0, and with
21 end points similarly labeled at the top line R, x 1, where R, C R? is a fixed axis.

A framed tangle in thli€ is called admissible if it has top, bottom, closed or
through strands. A top strand is a component of the tangle that starts at j© € R, x 1
for some j and ends at the corresponding j— € R, x 1. A bottom strand behaves
similarly at the bottom line R, x 0. A closed strand is a component homeomorphic
to S in the interior of R? x [0,1]. A through strand is a pair of components where
one component starts at j* € R, x 0 and ends at either k™ (or k™) in R, x 1, and
the other component starts at j~ € R, x 0 and ends at k= (or kT respectively) for

some k and j.
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We present an admissible framed tangle in a generic projection, subject to the
second and third Reidemeister moves. We will assume that the framing are in the
plane of projection. 27-twists in the projections indicate the 27-twist in the framing.
Admissible framed tangles are subject to relations generalizing Kirby’s calculus of
links [Kir78]. We list these generalized Kirby relations following [Ker03]:

1. A Hopf link that is isolated from the rest of the diagram can be added or
removed from the diagram if one component of the Hopf link is O-framed and the
other component is either 1- or O-framed.

2. Any strand R; can be slid over a closed component R by a 2-handle slide. For
definition of a 2-handle slide, see [Kir78].

3. The boundary move, given by introducing two additional components in a
vicinity of points {j~, 7%} at the bottom line. One is a bottom strand connecting
7~ and j*, the other is a closed strand going through the first arc, and finally, the
outgoing strands are connected through the closed component.

For any two admissible framed tangles §; and §» in thlfk, we write §; E) T if we
can get one admissible framed tangle from the other via a finite sequence of the three
generalized Kirby moves given above. It is readily seen that ? is an equivalence
relation on the set of (admissible) framed tangles, and we call an equivalence class of
admissible framed tangles with respect to ? a tangle class.

Now we define Hom sets in Tgl. For any k,l € Ob(Tgl), the set of morphisms

from k to [ is the set of tangle classes from k to [. In other words, we have

Hom gy (k, 1) = {§ € Ftgl, | § is admissible}/ . (3.3.6)

An example of (a representative in the equivalence class of ) an admissible framed

tangle projection is given by

48



=1t 272t

NI S
/R\Q € Homzy(2,2). (3.3.7)

=1t 272t

Note that the isolated component (or closed strand) on the right is the projection of
the embedding of S with framing changed by -1.
It is shown in [Ker03], [Ker99] that via surgery theory, there is an isomorphism of

braided monoidal categories

Surg : Tgl — Cob". (3.3.8)

On the object level, this functor sends g to 3, ;. Together with the group isomorphism

£, in [Theorem 3.3.1], we have a framed tangle presentation F'T, for every element

v E 1:;1. More precisely, we have an isomorphism of groups given by the composition

—— Eg Sur, -1
Fg,l E— Autcob° (29,1) _g) AlltTgl (g)
(3.3.9)

o > Oy s BT,

v
where as usual, Autry (g) stands for the group of automorphisms of ¢ in Tgl.

Morphisms in T'gl, or tangle classes, can be depicted by the generic projections
(in other words, tangle diagrams) of their representatives, subject to the second and
third Reidemeister moves and the usual moves for maxima and minima. Via the
above isomorphism, we can give pictorial descriptions of generators of 1:;. We will
call the tangle diagram of a representative of F'T, the tangle presentation of 7.

We give the list of tangle presentations of the generators of 1:;1 following [Ker03].
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The ~ symbol below means the tangle presentation of the left hand side is given by the
right hand side. Note that in [MP94], a similar result is given using a combinatorial

method using Wajnryb’s presentation of I';; (see [Waj83]).

- 1" 5 gt G+ gt

T~ oo p o« o e | (3.3.10)

-1 5 gt G gt

where the dots in the picture stands for vertical strands connecting k£~ on the bottom
line to k= on the top line. Note that there is a 27-twist in the framing of the j©

strand. The tangle presentation of the other generators are given by

LS S S A (et Y

S~ &\ T @ (3.3.11)

\
D; ~ ) ] (3.3.12)

=1 5= 5t G+ G+t gf

and
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K ~ o @ . (3.3.13)

3.3.2 Mapping class group actions

Given a modular category C and a TQFT V : Cob® — C, its specialization
V®: Cob® — Vec to any simple object a € Irr(C) gives rise to representations of f;/l.

To be more precise, for any g € Zx>, we have

- 39 “ a a
Pty Ton % Autoor (841) — GL(VA(S41)) = GL(VZ,). (3.3.14)

From now on, assume that C is multiplicity-free. We give the algorithm to explic-
itly compute the 1:; action on Vg, as follows.

Step 1. Fix a basis B for Vg ;. Recall that

g, 1

Vii= P  Home(a,bj @b ®- @b ®0D,), (3.3.15)

and we can pick the basis for each of the direct summand space. For example, we

can choose the left branched basis (cf. Equation (23.32])) in the form of
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€ HOIHc(a, b? Rb®-- b; ® bg) (3316)

Step 2. For any v € 1:;1, stack its tangle presentation FT, € Autrg(g) on top
of the basis vector v so that the bottom 2¢g end points of F'T’, coincide with the top
2g end points of v. Delete the bottom and top lines of F'I’, as well as the labels of
its end points. If a strand in F'T, is connected to an edge of the basis element v, it
inherits the color and direction of the meeting edge. Let .7, ..., .Z,, be all the strands

in F'T, that are not connected to any edge of v. For an m-tuple of simple objects

—

¢:=(c1y .o, ) € Irr(C)™, (3.3.17)

we color .Z; by ¢; for all j = 1,...,m. Endow each .£; with a counter clockwise
orientation. In this way, we get a colored and oriented framed tangle F'T,(C).

For every 2m-twist (inverse 2m-twist) on the colored strands (for example, the
twists in the tangle presentations of Tj,gj,K in last section), we replace the col-
ored strands by the graphical calculus presentation of the ribbon structure 6 (61
respectively) on the objects indicated by the color (c.f. Definition ZT.9) and Equa-
tion 2.3.13]). For example, assume that for an m-tuple of simple objects ¢, there is a
2m-twist on 2 strands colored by simple objects a and b in FT,(¢), then we have the

following local picture

52



@ . (3.3.18)

We replace this local picture by

(3.3.19)

a b

After replacing all the (inverse) 27-twists with the ribbon structure in F'7.,(¢), we
denote the resulting picture by 1*:7”;(5)
Step 3. For each pair of basis element v, w € B, let ((pg ,(7))(v), w) € C be the

matrix coefficients of p§ () with respect to B. In other words,

(P (M(@) =D ((p.1 (1) (v), whw (3.3.20)

weB

As in Step 2, assume that F'T), has m strands that are not connected to the edges of

v. For any ¢ = (cq, ..., ¢p) € Irr(C)™, let

dz =[] d.,- (3.3.21)

We compute ((pg ;(7))(v), w) using the following formula:
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(o N@)w) = o= S der | FI(® | € Home(a.) 2 C. (3322
celrr(C)™

As an example, in the next section, we will compute p{, following the above

procedure.

3.3.3 Computation of Pia

Let a € Irr(C) be a simple object. To determine pf;, we only have to compute

the action of the generators of 1:: on the basis of V{,. Note that f; only has three

generators T, S; and K, whose tangle presentations are given by

TlN

-1t
p , (3.3.23)
- 1*
-1+

b\ @ (3.3.24)

- 1t
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and

e | (U

For any a € Irr(C), we write

T = Pcf,l(Tl) tVi — Vi,

—a

S = p1a(S1) Vi — Vi,

and

K* = p{,(K): Vi, — Vi,

By definition,

Vi, = @ Home(a, b* ®b).
belrr(C)

(3.3.25)

(3.3.26)

(3.3.27)

(3.3.28)

(3.3.29)

For each simple object b, we fix a basis vector for Home(a, b* ® b), and denote the

fixed basis vector by v*(b). We will call the basis {v*(D) }scnr(c) the standard basis of

Vi . Pictorially, we write
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b* b b b

v (b) = - . (3.3.30)

T%(v%(b)) = 6, - v*(b). (3.3.31)

Proof. We compute the action of T by the algorithm given at the end of last section.
Recall that once we stack the tangle presentation on the basis vector, we have to

change the 27-twist in the tangle diagram by the ribbon structure . By Equation

(??>7

T°(v%(b)) = — 9, = 0, - v°(b). (3.3.32)

Next, consider
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=Y 5| [0

belrr(C) b

Z tr (dpb; ")

o) D (3.3.33)

:% S dyf; e (idy)

belrr(C)

:% > d,t

belrr(C)

We will call £(C) the inverse central charge of C.

Theorem 3.3.3.
K*(v*(b)) = E(C)v“(b). (3.3.34)

Proof.

(3.3.35)

O

To determine the action S®, we first consider, for every pair of simple objects

b, c € Irr(C), the morphism

Qpe = € Home(b* @ b®c* ®¢,1). (3.3.36)
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Lemma 3.3.1.

a
- ¥ & /<>\ : (3.3.37)
a€lrr(C)

Sbc Z R *b Fb bc*)]lj ( gibc*)ja (F‘}C*C)c*a* . (3338)
jelrr(C)

where

Note that the summands on the right hand side form a basis for the space

Home(0* @ b® ¢* ® ¢, 1).

Proof. By [Lemma 2.3.1] and the normalization ([23.43)), we have

\}/ j€Irr(C) /
b b ¢ c \

b e (3.3.39)

= Y R.R, j

jElIrr(C)
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By [Lemma 2.3.1] again, we have

> R.R

J, k€lrr(C)

(3.3.40)

Z le)c* Rz*b Z (Flfi‘bc*)mj

j, k€lrr(C) melrr(C)

The picture summand on the right hand side of the previous equation is zero if

m # 1. Hence, with the normalization (2.3.19)), we have

Z le)c* Ri*b Z (Fblibc*)m]

J, k€lrr(C) melrr(C)

(3.3.41)

Z Rbc*Ri*b Fb *be* )
J, k€lrr(C)

By Schur’s Lemma, & has to be equal to ¢* for the picture summand to be non-zero.

Therefore, we have
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Z Rbc*Ri *b Fb*bc )

jelIrr(C)

Z Rbc*RZb Fb*bc) Z ( lc)ibc*>ja p

jelIrr(C) a€lrr(C)

b b c c

a n
Z Rbc*RZb Fb*bc) Z ( lc;bc*)ja Z (Faﬂc c) *n /<>\
jelIrr(C) a€lrr(C) nelrr(C)
a
Z Z R Ri*b Fb bc) ( gibc*)j (F;lc c) * g% /<>\ :
a€lrr(C) j€lrr(C)
C

Now we are ready to compute the action of S".

Theorem 3.3.4.
S'we) =€) Y Sh (3.3.43)

c€lrr(C)

where

d (Fcc*cc*) *1 (Gg*c c) (Fc?a a)
D (Fcc*cc*)ﬂﬂ

Proof. By Equations (33.27) and (8.3.33), we have

b = She * (3.3.44)
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S — de.
ST (v*(b)) =£(C) D (3.3.45)
celrr(C)
b b
a
Hence, it suffices to show that
C J C
Sap =Y de = 54 v (c) (3.3.46)
a, D cb )
c€lrr(C) c€lrr(C)
b
a
where S% is as in Equation (3:3.44).
By rigidity,
c c
de
Sa,b = Z 5 )
c€lrr(C)
b\ b
(3.3.47)

S| &

a
c€lIrr(C) bm
a
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By [Lemma 3.3.1,

b

S| &

9a,b: Z Z ggc

c€lrr(C) j€lrr(C)

c c (3.3.48)

a d.
= 2)5605 ’

c€lrr(C

a

where the equality is given by the box-elimination normalization (2.3.19). By the

normalization of coevaluations,

62



P

c€lrr(C)

(3.3.49)

- Y S

c€lIrr(C) kelrr(C)

Again, k has to be equal to a* by the box-elimination formula, which results in

C C
FC* o)y
9ab - Z Sbc c* ) L e /arl c
c€Irr(C) C*CC* 11
a
C C
42 (Féeer ) ey (Glrrerc)en
=2 2 S (Fcfl ] ' N\ (3.3.50)
c€lrr(C) lelrr(C) crect /11
a
C C
Z S d2 FCCCC) (chc)
- be ” C* * a
c€lrr(C) D (FC*CC*)]l]l 7
a

By Schur’s Lemma, there is only one choice of [ in the second sum that yields a
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non-zero term, namely, | = a. Therefore,

A2 (F&ror) oy (Gl era (Floea) ma
Sa,b_ Z Z Sbc 'D(Fcc**cc*)ﬂﬂ .

c€lrr(C) melrr(C)

_ Z S«a d2 ( c* )a*]l (Gg c* c) (F;a a) )
B v @ (Fcc:cc*) \/(
celrr(C)

a
=Y s
celrr(C)
(3.3.51)
where the first equality is again by the box-elimination normalization. O

3.3.4 Remarks on genus one mapping class groups

In this section, we take a closer look at mapping class groups in genus one. Let
I'; o be the mapping class group of the torus (the genus one closed surface). It is well-
known that I'y o = SL(2,Z) [EMI12]. We will identify I'; ; as a central extension of
I'y . We will also discuss the TQFT action of the Dehn twist on the boundary circle
0%1,1. The discussion in this section provides topological insights to the relationship
between the 1/“\1/1 representations arising from the TQFT associated to a modular
category C and the projective SL(2,7Z) representation (Equation 2.2.17) given by C,
which will be discussed in more detail in Chapter 4 and Chapter 6. We will also have
an algebraic description of the generators of 1/“\1/1 given in Section [3.3.3

We adopt the following group presentation of SL(2,7Z) in this section:

SL(2,Z) = <W1,W2 ‘ W1l = WaoliWwa, (w1w2)6 = Id2> (3352)
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Note that we can write down w; and ws explicitly as

w1 = s Wy = . (3353)

—_—

Let SL(2,Z) be the universal central extension of SL(2,7Z). It has the group

presentation

—_—

SL(2,7Z) & (3, @s | 01@aiy = @alnin). (3.3.54)

e~

The map SL(2,Z) — SL(2,Z) sending @, to w; for j = 1,2 is a surjective
homomorphism with kernel ((@0,@,)%) = Z. It is easy to see from the relation in

Equation ([B:3.54) that (@0)° is central in SL(2,Z). Hence, we have a short exact

sequence associated to a central extension

1 — Z — SL(2,Z) — SL(2,Z) — 1. (3.3.55)

The leap from an algebraic to a topological point of view is triggered by the obser-
vation that the group presentation in Equation (B8.3.54)) is also a group presentation
of Bs, the braid group on 3 strands. Let by, by be the generators of Bs, the braid

group relation is exactly bbby = bobiby. Therefore, we have a group isomorphism

—_—

SL(2,Z) — Bs (3.3.56)

sending w; to b; for j =1, 2.

Now, we consider I'y ;. As discussed in [Section 3.3.11, 'y is generated by M;
and Lj, the Dehn twists along m; and [; respectively (see Equation (3.3.3])). Birman-
Hilden [FM12, Theorem 9.2] showed that the map
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BH : Bg — Fl,l (3357)

sending b, to M; and by to Ly is a group isomorphism. Therefore, we have a commu-

tative diagram

—~——

1 > Z » SL(2,Z) —— SL(2,Z) —— 1

o By N , (3.3.58)
BHl%
1 > 7. > I » I'io > 1
where the bottom row
1 > 7. > Fl,l > Fl,O — 1 (3359)

identifies I';; as a central extension of I'yg. Moreover, Masbaum-Roberts [MR95]

showed that the above extension of I'; o coincides with the framing central extension

of 'y o. According to our convention of notations, we have I'; ; = SL(2,Z) = 1/“\15.

In the light of the group isomorphism SL(2,Z) = By % I'y 1, we also view 1:;,
the framing central extension of I'; 1, as a central extension of SL(2,Z).
We finish this chapter by a remark on the Dehn twist along the boundary curve

of 3 1, denoted by ;. The tangle presentation of @ is given by [BKO1]

1= 1t
\

Q1 ~ NP (3.3.60)
- 1f
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For a € Irr(C), let Q* = p¢,(Q1). It is shown in [BKOI, Section 3.1] that

Q* = (§")*. In principle, we can compute Q* by the formulas in [Theorem 3.3.4! .
However, there is an easier way to compute Q* by the naturality of the twist #. We

have, for any v*(b) € V§ |,

a

As mentioned above, let 1:;; be the central extension of I'; o by 2-framing. It can
also be generated by S;,7} and K. There is a surjective homomorphism U : 1:: —
1:;; mapping () to the identity element, and mapping every other generator to itself.
In fact, U is a lifting of the map I'y; — I'1y in Equation (3:3359) to the central
extensions.

Let a € Irr(C) be a simple object in a modular category C. If §, = 1, the boundary

Dehn twist acts as identity on V{,. As a result, pf, factors through a SL(2,Z)
representation on V¢{,. More precisely, if , = 1, there exists a group homomorphism

—_—

X : SL(2,Z) — GL(V{,) such that the following diagram commutes:

a
P11

I

» GL(V{))

N / . (3.3.62)

—~——

T2 SL(2,2)
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Chapter 4

The SO(p), modular categories

In this chapter, we give a detailed introduction to a family of the modular cate-
gories SO(p)a, whose associated TQFT will be the main focus of the rest of the paper.

From now on, let p = 2r + 1 be an odd prime.

4.1 Introduction

The categories SO(p)2 come from quantum groups associated to so(p) at roots
of unity. For ¢ = exp (%pm’), we consider Lusztig’s [Lus93] “modified form” of the
Drinfeld-Jimbo quantum group Uy (so(p)). Then we take the subcategory of tilting
modules [AP95 [APWO95, [And92] over U, (so(p)). The ribbon Hopf algebra struc-
ture of Uy (so(p)) structure (comultiplication, universal R-matrix, antipode, ribbon
element etc.) endows the abelian C-linear category of tilting modules of U, (so(p))
with a ribbon structure. However, this category is neither semisimple nor finite, so to
get a ribbon fusion category, we need to take the semisimple quotient of the category
of the tilting modules [AP95] (in particular, we are able to get rid of objects whose
quantum dimensions are 0).

In this way, we get a family of ribbon fusion categories SO(p),, where the subscript
2, called the level, is a reminder of the order of ¢/, which is 4p in this case. In practice
however, it is more convenient to work with ¢ := exp (%m’) and ¢ := exp (%m’)

instead of ¢'.
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As we will see in the this chapter, the S-matrix is invertible, so we have a family
of modular categories. For a detailed description of the construction of quantum
groups at roots of unity, we refer the readers to [BKOI, [Turl0]; we also recommend
the survey articles [Row06, [Saw(6].

Modular categories having the same fusion rules as SO(m), for odd m > 3 are
called metaplectic modular categories. In [AFT16], the authors classified metaplectic
modular categories up to monoidal equivalence by solving the pentagon and hexagon
equations for F- and R-matrices. In [AFT16], the categorical data (F- and R-matrices)
are determined by families of parameters, and different families of parameters gives
rise to monoidally inequivalent modular categories. We pick the family of param-
eters in J[AET16] such that the corresponding F- and R-matrices coincide with the
categorical data provided by the quantum group construction in [NR11l, HNW14].

The major motivation to consider SO(p),, or more generally, metaplectic modular
categories, is two-fold. From a mathematical point of view, these categories are weakly
integral, meaning that the square of quantum dimensions of their simple objects are
integers, and there exists a subcategory that has the same fusion rules as Rep(Ds,),
the category of finite dimensional complex representations of the Dihedral group Ds,,.
The relationship between these two categories are worth studying. The category
SO(p)2 also appears as the equivariantization [DGNO10] of the Tamabara-Yamagami
categories [TY98]. Moreover, SO(p)y is intimately related to the metaplectic link
invariants of Goldschmidt-Jones [GJ89]. Using the relationship between SO(p), and
the metaplectic link invariant construction, Rowell and Wenzl proved that the braid
group representations arising from the TQFTs associated to SO(p)s have finite image
[RW17]. Their result provide evidences of the the Property-F conjecture [NR11],
which posts that the braid group representations arising from a TQFT associated to

a modular category C have finite image if and only if the C is weakly integral.
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Birman-Hilden showed that a generalization of the homomorphism BH in Equation
B350 embeds B,, the braid group on n strands into the mapping class group
Lopt11 for any n > 1 [BH73, [FM12]. Hence it is also interesting to understand more
about mapping class group representation. For example, one may want to know if
it is possible to generalize the Property-F conjecture further to predict the size of
the image of the TQFT mapping class group representations. Integrality of these
representations is a particularly intriguing question, and it is closely related to image
finiteness.

In addition, metaplectic modular categories provide mathematical formalism to
describe aspects of models of topological phases of matter occurring in condensed

matter systems. For more details, the reader is referred to [HNW13| HNW14| [CW15].

4.2 Categorical data for SO(p).

In this section, we follow [NR11, HNWT14, [AFTI6] to give the categorical data of

SO(p)a for p = 2r + 1 an odd prime.

4.2.1 Fusion rules

The SO(p)2 modular category has (r 4 4) simple objects, which we will label as

rr(SO(p)2) = {1, Z, Vi, ... Y, X, X'} (4.2.1)

The fusion rules are given as follows:
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7071,
70X =X,

Z®}/3’£’}/37 Vj:1,~-~,7”,

X®X%1@é¥@

7 (4.2.2)
XeX'=2za@y;,
j=1
X®Y;%'/X@X,’ ijl,"',’f’,
E@E%ﬂ@Z@Ymin{2j7p_2j}, \V/jzl,"',’f’,
Y; ®Ye 2 Yk © Yoingjth, p—j—k}, V1I<j,k<r andj#k.
We define the function
[ ]:{0,1,....,p} — {0,1,...,r} (4.2.3)
by
T if0<az<r,
[x] = (4.2.4)
p—x otherwise.
Then we can write the last two equations in the fusion rules as
YV, 10 Z0 Yy, Yi=1,---,r
(4.2.5)

}/]®Ykgyy[j—k]@yy[j+k]> Vlgj,k‘ﬁr, and]%k

Note that in particular, SO(p)s is multiplicity-free and self-dual. The quantum
dimensions of simple objects are given by
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dx = dy = \/p.

Recall that p = 2r + 1. The square root of the global dimension of SO(p), is

@:\/1+1+22-(r)+2-(¢;3)2:\/@=2¢5. (4.2.7)

Note that D € Z[(,1i] is not a unit in the ring Z[(,i]. By Theorem B.34], there is a
D factor in the denominator of every entry of S* for any a € Irr (SO(p)2). As we will
see in the computations in this chapter and Chapter 5, this denominator factor often

makes an entry in S not in Z[(, i|.

4.2.2 F- and R-matrices

We will use the F-matrices and R-matrices of the SO(p)s categories given in
[AFT16]. In fact, [AFT16] classifies all braided fusion categories with the same fu-
sion rules as SO(p)q, in terms of several parameters. Hence, to extract the F- and
R-matrix data for computation, we have to specify our choice of the parameters. The
reason we choose the following parameters is to get the same F- and R-matrices data
given by the quantum group construction (cf. [NRIT, [HNW14]).

Let

1
q = exp (—m’) , (4.2.8)
p

and
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¢ :=exp (%m) =q¢°. (4.2.9)

The pair of integers parameterizing F-matrices (Section 4.2 in [AFT16]) is chosen

to be (1, kp), where

1 1 ifp=3 mod 4,
Kp = €xp (p(pz—i- )m) = (4.2.10)

—1 ifp=1 mod 4.

We emphasize here the following properties of the F-matrices of SO(p)s, which
will be extensively used in next chapter:
Property 1. The entries in an F-matrix (F, ébc)e are indexed in the order of

f

1,2, Y1,...,Y,, X, X)), (4.2.11)

if (F ébc)e f # 0 according to the fusion rules;

Property 2. The F-matrices are real and unitary;
Property 3.

(F.

abc

)' = Fgy (Gh) =Gy (4.2.12)

abc

for all a,b,c,l € Irr (SO(p)s), where for any matrix M, M* stands for the transpose
of M;

Property 4. for simple objects a,b,c,l € Irr (SO(p)2), FZ, = 1 if one or more of
a,b,c, | are equal to 1.

According to the fusion rules; SO(p)s is multiplicity-free and self-dual, so we can

rewrite the formulas for S¢, and S% in [Cemma 3.3.11 and [Theorem 3.3.41 as in the

following proposition.
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Proposition 4.2.1. For any simple objects a,b,c € Irr (SO(p)2),

Sgc = Z RZCR‘ZI) (Fbcbc)]lj ( gbc)ja’ (4213)
jelrr(C)
and
sa Ao (Fee)ar (Fina)
a _ ga ¢ ccc/al aaa/11 4214
@ v D (li%c)lﬂ ( )

Proof. By Property 4 of the F-matrices, (FL

ac*c

)erar and (GL

a*c*c

), are both equal to

1. 0

Note that, by Equation @2I2), 5S¢ is symmetric. Indeed, (Fipe)y; = (Fp)jn =
(2

) 1;» and similarly for the G-matrix entry. In other words, we have S, = S%.

By [HNW14], for any simple object a € Irr (SO(p)2), we have

0, = exp (2h,mi) , (4.2.15)

where h,, with the above choice of parameters, are given by (Section 4.3 in [AFT16])

_ k(p—k)
= =5, (4.2.16)
T r+4
hx—g, hy = g
Let
— Oy = i) = (f ) (4.2.17)
Y =0x = exp 8m = exp 4m , 2.
then

74



Ox: = exp (2(T +4) m’) = —exp <£m) = —1. (4.2.18)

Note that ¢? = exp (57i) ="

We also have

by =0, =1 (4.2.19)

and

— exp ((g - g} mi ) = exp <<]2 - %2) m) (4.2.20)

=7
The R-matrices are given by
oy = L(a,b) (01)5, exp ((he — hg — hy) i) (4.2.21)

for any simple objects a,b, ¢ € Irr (SO(p)2), where

—1 if (a,b) € {X, X'}?,
L(a,b) = (4.2.22)
1 otherwise.

For any triple of simple objects a, b, ¢, (01);, equals 1 or -1, and the exact values are

given as follows. Firstly,

(01)a = (1) (4.2.23)
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for any a,b,c € Irr (SO(p)2). In addition, (01);, = 1 except for the following special

triples of simple objects:

e If r is odd and (j mod 4) € {1,2}, then

(0)y,x = (01)y,x = (01)y x = (01)y, x = —1. (4.2.24)

(0)y x = (01)y,x = (01)y x = (01)y, x = —1. (4.2.25)

e For any 5,k € {1,....r},
(o5 = (~1)7-. (4.2.26)

Remark 4.2.1. In [AFTT6], the data denoted by (o2)¢, for simple objects a,b, ¢ is
also used in the description of R-matrices. It turns out that (03);, equals to 1 for
any simple object a, b, ¢ for our choice of parameters that determine the R-matrices.

Hence, we omit the (03);, from further discussions.

Lemma 4.2.1. For any a,b, c € Irr (SO(p)2), we have

(01)ap (01)pe =1 (4.2.27)

Proof. We only have to prove the lemma for the special values of oy listed above.
Hence it suffices to consider the cases a,b,c € {Y,....Y,, X, X'}. Note also that

(01)5, equals to 1 or —1, so if a = b,

(01)% (015, = ((01)5)* = 1. (4.2.28)
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Note that with the invariance of o7 under cyclic permutations of indices as in Equation

(4.223)) and the fact that the statement will be the same if we interchange a and b,

we can establish the statement for the cases where two indices are the same. We are

are left with the cases where all of the indices are different, namely

(aa b> C) € {(Y}aX>X,)> (Y%Yk’}/{j-ﬁ-k}) | 1< ]ak < T}'

Case 1. (a,b,c) = (Y;, X, X’) for some j =1,...,r.
According to Equation (£2.24) and (£.2.259)

’ / /

(1% x (005, = () (1) o = ((00Fy) =1

Case 2. (CL, b, C) = (Y;? Y, }/*[j‘f‘k])‘
By Equation (£.2.24)),

Yo, Y. S\ 2
(T0)yyy (o), = (1)) = 1.

Corollary 4.2.1. For any triple of simple objects a,b,c € Trr (SO(p)2),

RS Ry, = exp (2 (he — hg — hy) i) .

Proof. Observe that L(a,b)L(b,a) = L(a,b)? = 1.

4.2.3 Modular data

(4.2.29)

(4.2.30)

(4.2.31)

(4.2.32)

In this section, we compute the modular data (S- and T-matrices) of SO(p)s.

We first introduce some notation. Let
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2 I, p=1 (mod4)
€p = €xp <—7Ti) = . (4.2.33)

2
i, p=3 (mod4)

Let (z) ;, be the quadratic residue symbol (or Legendre symbol).

exp (%Tm) €y (%)L = 1. (4.2.34)

Proof. The following values of the quadratic residue symbol are well-known |[Lan94,

Lemma 4.2.2.

Page 77-78]:

(%)L — exp (p > 1m') — exp (i), (4.2.35)

()=Xp<p ")

<2r(27“ +2) ) (4.2.36)

( r(r+ 1) )

Recall that p = 2r + 1, we have —2r = 1 mod p. By the multiplicity of the

quadratic residue symbol, we have

— exp ((7’ _r+ T)m’) (4.2.37)

As a result, we have
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exp (_—Tm) € (C)
2 P P/
(e e (5] oo (570
=exp | —mi | -exp | =7 | - ex g
2 2 2 (4.2.38)

(—r+r2+r—r2 )
= exp 5 )

= 1.

O

Remark 4.2.2. Note that ¢, and the quadratic residue symbol appear in the quadratic

Gauss sum formula [Lan94, Page 86-87]:

p—1
Y=g, (f) /P (4.2.39)
j=0 P/

In particular, \/p € Z[(,i]. We will often use this formula in the rest of this paper.

We are now ready to compute the modular data. It is shown in [BKO1] that the

S-matrix can be computed by the following formula:

1
Sab = St = 75 010, 0, - de. (4.2.40)

In particular,

dg
S10= 75- (4.2.41)

The reader is referred to Equations (A.2.17), (£2.18), (£2.19) and (£2.20) for the

values of twists 0, for a € Irr (SO(p)2). We have

S11 = S172 = 5= (4.2.42)
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2 1
snyj_ﬂ:—p’
_ VP!
ﬁnx—2——_
p
., 1
522—5'92 01 dﬂ_ﬁ’
5 lﬂ_l 01 -0y - d
2v; = Yz Yy YAy
1 9 1 1
—_ — . = —, j 5 ,T,
D VP
5 1 0,005 -0y - d
ZX_‘D- Z.X.X,' X/
1 _ _
:5'921'9X1'(_9X).dX/
_ v _ 1
2yp 2
1 1
Szxr = 5 921 . 9;(} : eX dX - T 5
1
5YJY] = 5 617]2 . (91 'dﬂ —|—‘9Z 'dZ+‘9Y[2j] 'dY[2j]>
1 _2]'2 (2)?
A G 2’”(21)>
5 ( +142C
_ 2 —2rj2< 4m'2)
=% ¢ 1+¢
2 (g
_ . C ] +<T])
2,p

_ % . (gf +§—jz> ., g=1...m

where the last equality is based on the fact that ¢(? = ¢+ = 1.

We also have, for any j =1, ..., r,
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(4.2.44)

(4.2.45)

(4.2.46)

(4.2.47)

(4.2.48)

(4.2.49)



1
5Y,v;, 5 .9)29 . (HY[HM ~dy[j+k] + QY[FH 'dY[j,k]>
= % . <CT(j+k)2—Tj2—Tk2 + gT(j—k)Q—rﬂ—rk?)
2 . .
— . C2r]k + C—27”]k‘
s )
1 . )
— jk —jk .
= — _|_ , 1 S ’k S 7,,’
T
5Y}X == 5 . eyjl . eXl . (9){ . dX —I—QX/ . dX’)
1
=3 0 Ox" - (Ox - dx — Ox - dx)
= ()’
1

05105 (Ox - dx + Ox0 - dxr)

1 r
EXXZB'Q)_;' <9]1d]1+29yjdyj>

j=0
B 1 —-r r
2 P (7“)'% (7»)L VP
B 1
->,

(4.2.50)

(4.2.51)

(4.2.52)

(4.2.53)

where the second last equation is the Gauss sum formula (£.2.39) and the last equation

is given by Lemma 4.2.2].

Based on the above computation, we have
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1 B B I8
EXX’:ﬁeXleX}<HZdZ+;9Y]dYJ>
1 —r e 4.2.54
= —5-exp(7m)-<1—l—;2gj> ( )
_ 1
2

and

1 T

i=1

1 —r ~ (4.2.55)
= — —_— . 7..7

) exp( 5 m) <1+;2C )

!

2

We summarize the above computations in the following proposition.

Proposition 4.2.2.

1 11, 1 1
—_— _— —.a J— —
NN AN 2 2
1 R 1
N NN, 2 2

s=| 1 ., L. 4 o ol (4.2.56)
VA
1 1 s, 1 1
2 2 2 2
1 1 . 1

2 2 2

where
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is an r X 1-matriz, A is the r X r-matrixz with entries given by

2 2mgk\ Lk e
Ajg N cos( ) ) \/ﬁ(c +( ),

and 0 1is the zero matriz of suitable size.

Proposition 4.2.3. For any simple object b, c € Irr (SO(p)2),

—-1¢1
Sep = dc Scbdb'

Proof. Setting a = 1 in [Theorem 3.3.4, we have

k k

A
k _ 1
> 5 - > s N
kelrr(C) kelIrr(C) :
b b
|
By Equation (Z3.61]), we have

k k

k k

3 K
kelrr(C) D kelrr(C) |

(0

b
By Equation (23.43), for any ¢ € Irr (SO(p),) we have
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(4.2.57)

(4.2.58)

(4.2.59)

(4.2.60)
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kelrr(C) keIrr(C)
[
[

k C C
3 ;:_k@ Q -y S’]“lbk’ (4.2.62)
N

b

where the dotted lines are meant to indicate where to stack ev.. By Schur’s Lemma,
we can see that, the pictures summands on both sides are 0 if k # c¢. Together with

the box-elimination, the above equation becomes

C 02
&

(4.2.63)
l
b
By Equation (2.3.50) and the definition of s (Equation (Z2.13)), we have
dcgcb dcscb 1

- =S 4.2.64
db.D db cb’ ( )
and we are done by multiplying both sides by d_'dj. O

Note that by the proposition, s and S* are conjugate by a diagonal matrix.

Next, we compute 1L,

By [Theorem 3.3.21 we have the following proposition.

Proposition 4.2.4. The matriz presentation of the meridian twist operator T with

respect to the standard basis for Vi is
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61
T = : (4.2.65)

—v

Note that by definition, T is equal to the T-matrix t.
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Chapter 5

Integrality

In this chapter, we focus on the algebraic properties of the TQFT associated
to SO(p)a. We prove the Main Theorem by finding, for each simple object a €
Irr (SO(p)2), a full-rank free lattice A, C V§, over Z[(,i] that is preserved by the
I:I—action. For simplicity, we will use Z[(,i] and O interchangeably. We will call a
number x € C integral if x € O. A matrix M is called integral if all of its entries are
integral, denoted by M C O.

Note it is sufficient to find a basis for V{,, with respect to which, S, T and K¢,
are integral. We will call such a basis an integral basis of V{ ;. It is readily seen that,
once we have an integral basis B* for V{ ,, a f‘\l,/l—invariant full-rank free lattice in the
statement of the Main Theorem can be given as A, := spany(B®).

A closer look at the fusion rules eliminates the cases when a € {X, X'}. More

precisely, let

ng = dim(VY,). (5.0.1)

Then we have the following lemma.
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Lemma 5.0.1.

ng=r+4
Ng =T
(5.0.2)
ny, =3, Vjy=1,..,r
NnNx =nxr = 0
Proof. By definition, for any a € Irr (SO(p)s2),
Mo = NE,, (5.0.3)
belrr(C)
where N, are given by the fusion rules (£.2.2)). O

As a result, we only have to consider the specialized spaces V{,, V7, and V{’“l for

kE=1,..r.

Lemma 5.0.2.
£(SO(p)q) = " (5.0.4)

Proof. By definition,
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Z 420"

aEIrr ©)

2\1[ <1+1+4Zg T 4 p(—)” 1)

7j=1

QZg ri?
7=0

., (5.0.5)
= — 2 . 6 . —_— . p
2\/1_7 ’ < p )L Ve
(), (G
prm— _— . 6 . —
P/ " \p/yp
((r+5) )
— eX —
exp ( (745 ) mi
=ex Brm =iV
by the quadratic Gauss sum formula (£.2.39) and [Lemma 4.2.2] . O

In particular, £(C) € O. Hence, by [MTheorem 3.3.3, K* = i*" - 1d,,, C O for all
a € Irr (SO(p)2), where n, is as in Equation (5.0.1)), and Id,,, is the identity matrix of
size n,. Moreover, as K“ is central, it is integral under any change of basis. Therefore,
it suffices to find a basis for V{, with respect to which S'COand T C O,

We prove integrality via case-by-case study of the specialized spaces V{,. The

first step is to compute pf ; for SO(p), with the help of [Theorem 3.3.2] and Theorem
B.3.4] after which we will find out that, with respect to the standard basis {v*(b)}
of V{,, T" is integral but S is not. Next we will propose a new basis and prove
that, with respect to the new basis, both S* and T* are integral. Note that, by

[Mheorem 3.3.4] and [Lemma 5.0.2], it is enough to find a basis for V§, such that S¢

and T is integral with respect to this basis.
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5.1 Y} -specialization

For 1 < k < r, we consider Vi[fk]. According to the fusion rules, the standard

basis for Vf}fk] is {0"2H(Y},), v (X), 0" (X)}. Since D = 2,/p and by [AFTI0],

Yok B 1
(FY[%JY[zk]Y[zk])M 9 (5.1.1)

Hence, by Equation (4.2.14)), for simple objects b, ¢ € {Y}, X, X'}, we have

d2 . Fc . (F [2 )
SY[Zk] = SY[QH . c ( CCC)Y[leﬂ Yiok) Y2k Yi2k) 11

e D (Fcccc)]lll (512)
2

. c
. ~Y[2k] ) dc (Fccc>Y[2k]IL

o e 4\/]3 (Fcccc)]l]l .

5.1.1 The auxiliary matrix S

By the above equation, we would like to first compute the entries of the auxiliary
matrix SY2¢ using Equation (@213). By symmetry we only need to compute the
upper triangular entries. Hence we compute the entries of SYer in the order of

(Ye, Yi), (Yi, X)), (Yi, X7), (X, X), (X, X), (X', X").

(Y, Yy )-entry:

By [AET16], we have

1 =1 V2
1
Y; Y;
FY:YkYk:Gyiykykzg -1 1 V21, (5.1.3)
V2 V2 0

and
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(Ry,y,)* = (exp (hy — 2hy, mi))”
= exp (Mm) (5.1.4)

p

= (—exp (Mﬂ>)2 (5.1.5)

Y ’ .
(RYE}%V - (exp (hy[%] - 2hYk7m))2

- (2. (2k(p2; - 2k(gp_ k)) m’)

_ o2 _ 2
= exp (2(kp i >m;) (5.1.6)
p
(—2k2 )
= exp T
p
=(F,

Using the above formulas, we determine the (Y, Yy)-entry of S¥ix:
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Y[2k] j Y Y

1 Y; Y,
= (RYkYk) (FY:YkYk)ﬂll(GYiYkYk)]ly[Qk]

Y, Y,
(RYkYk) (FY:YkYk)]lz(GY:YkYk )ZY[%]

(5.1.7)
+ (Riﬁiika(F}}/&YkYk)ﬂYk (G¥ZYkYk)YkY[2k]
1,1 1.1 NG
k2 k2 k2
— (=) (—) + (=) (—=) + (—)-0
((2)(\/5)6 (2)(\/5)4 ()
= 0.
(Y, X)-entry:
We have
1 1 1
X X
FYkYkX:GYkYkX:ﬁ _ . (5.1.8)
We also have
Ry xRy, = exp (2(hx — hx — hy,)mi)
= exp (—2hy, i) (5.1.9)

— C—rkz

and
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Ri/(,ﬂ,XR?Yk = exp (2(hx — hx — hy, )mi)

= exp (2(% - hyk)m')

= exp ((1 — 2hy, ) i) (5.1.10)
= (=1) - exp (=2hy, i)

— _C—rk2

Therefore, we have

Yo _ pX pX X X
Sy, x = RYkXRXYk(Fykykx)llX(GYkka)ka]

+ R})/{IVIXR?;/’V (FYXkYkX)]lX/(GiYkX)X'Y[%] ( )
e R P N 5.1.11
=< (\/5)(\/5)+(C)()( )

:C_Tk2~

(Yi, X')-entry:

We have

Fyx = Giyx = 2 - (5.1.12)
We also have

= exp ((—1 — 2hYk)7”) (5113)

— _C—er

and
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R))S;X/Rigllyk - eXp (Q(hX’ - hX/ - hYk)ﬂ-Z)

= exp (—2hy, i) (5.1.14)
— C_er'

Therefore, we have

Yior]  pX X X' X/
SYk,X’ - RYkX’RX’Yk(FYkYkX’)TlX(GYkYkX’>XY[2k]

+ R})/(kIX’Ri('(’,Yk (Fé/ka')ﬂX’ (Gifilka')X’Y[zk] ( )
5.1.15
e 11 1 1
- ()

73 \/5)+(C_Tk )- (%) ' (_ﬁ)

— _ C—rkz

(X, X)-entry:

The size of Figxx (as well as its inverse Gy ) is (r+1) x (r+1), but we only need

one column and one row to compute the S-coefficients. Recall that ¢ = exp (lm)

The values of the relevant entries are given by (see [AFT16])

Sex = (10 Re(f ) _ e .
(Fxxx)in = (=1)" - Re( \/]_)) N (5.1.16)

X _(_1\0. e\/é'%p'qo _\/i’fp
(Fyxx)y; = (=1)" - Re( /5 ) = N (5.1.17)

, 2k, - q2F
(F))((XX)YJ'Y[%] = (_1)2]k -Re(——=—

N

5.1.18
(CF 4+ ¢, Vi<ji<r ( )
7 , V1<j <,

where Re(z) denote the real part of a complex number z.

We also need the values of the R-matrices. We have
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(RY)? = exp (2(hy, — 2hx)mi)

-r . .
= exp (771'@) - exp (2hyj7TZ) (5119)

= exp <_7rm) : er2

for all 1 <7 <r, and we have

(R% x)? = exp (2(hy — 2hx)7i) = exp (—4hx7i) = exp <_7T7rz) : (5.1.20)

According to [AFTI6], F¥yy is unitary, symmetric and real, so Figyy is its own

inverse. In other words, G yx = F¥xx. Recall that 2 = 1. We have

T

~Y; Y,
SX%?] = Z(R)gx)2(F))<(XX)1Yj(G§XX)YjY[%]

J=0

" — rj \/_"ip Kp j —J
£ e (TM)g f B (5.1.21)

P
2 — o
— £ - exp (77”7”) . ZCTJZ-Hk'
7=0
Since p = 2r + 1 and ¢? = 1, we have (/¥ = (=2"7% Therefore,

erz-l-jk — er2—2rjk — Cr(j )2 —rk? C—rkz C (j— k) (5122)
By the quadratic Gauss sum formula,
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p—1 p—1
Z ger—i-jk _ g—rk2 . Z Cr(j—k)2
§=0 §j=0

(5.1.23)
. r
— (e, (_> /P,
P/
where ¢, is given in Equation (4.2.33)).
Therefore, we have
N 2 _
g Y2 (gm) e (C) P
P P/t
s B ) (5.1.24)
== . (" . exp (—m) C€p (—) )
VP 2 P/
By [Lemma 4.2.2/, we have
~ 2
S = % TR (5.1.25)
(X, X')-entry:
By Equation (30), (40) and (42) in [AFT16], we have
(F)%(;(X’)ef = (_1)660+6f0+1 ) (F})((XX)ef- (5.1.26)

Note also that, by [AFTI6], F{yy is unitary, symmetric and real, so we have

X' _ X
F¢ vy = Gy xx:- Therefore, we have

(Fxx iz = (D)7 (Fyxm = (-1) - (5.1.27)

Rl

and

V25,
\/]—) 5

(F&ex)y; = (GXxx)zv; = (1) (B Oy, = (5.1.28)
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where the ZY indices in the G-matrix is given by the fusion rules. We also have

/
(F))((XX’)YjY[Zk] = (_1)0+0+1 ) (F))({XX>YjY[2k]

= (1) T2 (K 4 )

3

By |Corollary 4.2.1} , we have

R?{X’ . R?{’X - eXp (_2 (hX + hX/ — hZ) 7TZ)

-2 4
= exp <%m) - exp (2m1)

= (~1) - exp (‘7%) :

For any 1 < j < r we also have

Ry - R,y = exp (=2 (hx + hxr — hy, ) i)

(—2(r+r+4)
=exp| ———F

S m’) - exp (2hyj7rz')

—-r

= (—1) -exp (7m) G

Therefore, we have

96

(5.1.29)

(5.1.30)

(5.1.31)



aYiee) _ pz VA X! X'
Syy = Rxx - Rxix - (FXXX’)]lZ : (GXXX’)ZY[%]

’

T
§ : Y Y X' X
+ RXX’ ’ RX’X ’ (FXXX’)]IYj : (GXXX’)YJ'Y[%]
Jj=1

(=1) - exp (_77’7”) S(=1)- % : %

+ ;(_1) - exp (%TWO . Crﬁ . % (=1)- % . (Cjk + C_jk) (5.1.32)
oy V2%

o (3) 5%

+ Zexp (—77“7”) L % . % (TR 4 TR

where the last equality is based on the same computation in Equations (5.1.21]) to

(GI29).
(X', X')-entry:
By [AFTI6], F¥yi v = Fxyx and GX iy = Gy Furthermore, we have, for

any 1 <j <,

(IQE?,’X,)2 = exp (=2 (2hxs — hy,) i)

(—2 -2(r+4)
SPUTT s

m’) - exp (2hyj m')
(5.1.33)

Therefore, we have
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T

Y )
S = SR ) (P, - (G v

j=0

T Y
= (R (Frxs)1y; (GXxx)viviay (5.1.34)
7=0

\/i . C—rkz )

VP

Again, the last equality is based on the same computation in Equations (EI1.2T)) to
(E.I1.25).

We summarize the above computations in the following proposition.

Proposition 5.1.1. The matriz presentation of the auziliary operator S0 with

respect to the standard basis for Vf}f“ is

(@]

—_
I

—_

S'Y[gk] —rk? 1 @ Q
= JP /P (5.1.35)
) V2 V2
vP VP
5.1.2 The action of SYi#
We now compute the SYt-action. Note that by Equation (5.1.3),
Y V2
(Fykkykyk>y " =50 (5.1.36)

and by Equation (5.I.I7), the fact that F5¥yy = F5y xs, and that theses F-matrices

are symmetric [AFTT16], we have
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X X . \/§I€p.

(e = (Bve), = o, =55

(5.1.37)

With the above formulas and [Proposition 5.1.1] we can use Equation (5.1.2]) to

compute
&, ()
Y; ~Y: k kfkTEk Y 1
Sy = v ° =0, (5.1.38)
W5 (P,
s (V2K
& (FEey) (vp)" -
You Y2k X XXX Yigp 1 —rk? \/ﬁ
SXY,c = SYkX ' X ="
4P (Fxxx)n 4\/p - <ﬁ) (5.1.39)
VP

— \/2_p . C_Tkz

and

2 (X'

e 4v/p (F))((’/X’X’)ILIL

V2p

_ v —rk?

For the other entries, we first of all have

Yi AAT Viou 1 . 2
R T N
Yy 1
p (FykykyJM 4/ (5) (5.1.41)
V2 e
e k=

Yior) _ &Yi2k
SYkX - SXYk ’

VP

and

99



Y: ~Y; Y YiViYe )y 1 2 2
gYem . gview el <_C—rk ) )
Y, X' XYy, >
Wi (i),

V2

- _ v~ ‘C—rk2

VP

Finally, by Proposition (5.1T]), we have

~YT ~YT =Y ~Yiok
S =S = SN = Sy (5.1.43)

Equations (5.I16) and (5.1.37), together with the fact that dx = dx, = \/p, imply
that

dg( . (F))((XX)Y[%]E

SY[%] _ SY[%] _ SY[%] _ SY[%] _ gy[zzc]

XX T RPXX T RPX'X T PX'X T PXX 4\/23(F)%(XX)E1
2 \/ilip
V2 (vP) < VP ) (5.1.44)

— C—T’k)2 .

=2e

1 —Tk2
_5.(’ ]

We summarize the above computations in the following proposition.

Proposition 5.1.2. The matriz presentation of SY2 with respect to the standard

: Yok
basis for V.5 is
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<%
<%

Yokl = (R (5.1.45)

ot
i)
| —
| =

“[5
s
—_
—_

5.1.3 The action of T7Yeu

Recall that ¢ = 0x = exp (47i) (see Equation ([2.17)). By [Theorem 3.3.2 and
Equations (£2.18) and ({.2.20), we have the following proposition.

Proposition 5.1.3. The matriz presentation of the meridian twist operator TYi2¥

with respect to the standard basis for Vi/ﬁk] is

Crk2 0 0
™=\ o0 o o |- (5.1.46)
0 0 —

5.1.4 Integral basis for Vifﬁk]

Combing the results of this section, we are now ready to give an integral basis of

ViE Let
wy ™ = 2v2 0¥ (Yy),
VP
w;/[zk] = (079 (X) + 0¥ (X)) (5.1.47)
wy ™ = 0 (X) = Ve (),
we have
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Yiou Y Yiorle . , , Yook
Theorem 5.1.1. {w;", w,™ w;®} is an integral basis for Vl,[ik]'

: . . Y
Proof. Clearly, the set in the theorem constitutes a basis for V7.

We prove the
theorem by direct computation of the mapping class group action on these basis

elements. For the SY2¢ action, we have

Yior You
S [2k] (wl )

= % . <—rk2 . (@ -UY[Q’“](X) _ @UYW’“](X’))
= () = 0 (X))

(5.1.48)

_ —rk? Yiak)
=( - Wsg

)

Y, Yiou
S [2K] <w2 )

_ —rk? Q_Q . Y2k
=1 C (\/]3 \/]3> [ ](Yk)

+ ¢ . C—Tk2 . <<% —+ %) . Uy[zk] (X) + <% + %) . rUY[2k] (X/)) (5149)

=y (X 4+ 0(X)

_ k2 Yiak)
=( * Wy

Y

and
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+ (TR ((% — %) YR (X)) (% - %) -le%l(X’)) (5.1.50)

: o Yew Yew Yk :
In other words, with respect to the basis {w,*, w,™" w;"}, the matrix presen-

tation of S¥2#1 denoted by 8124, is

0 01
¥ = ¢ [ g 1 o, (5.1.51)

1 00

which is integral.

Similarly, we have

TYiok) (wi/pk]) _ Crk2 ] %UY@H(YIE)
p

(5.1.52)
_ CrkZ ) wi/[Qk]’
TYi2k] <w§[2’“]) =q- (w . Y28 (X) = pYizk (X/))
= p?(vVi2R (X)) — 0¥ (X)) (5.1.53)

o2 o Yew e Yo
=% w,™ =" w, ™,

and
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T (w)™) = g0 B9 (X) = (=) -0 (X))
=9 (v"(X) + 0" (X)) (5.1.54)

_ Y
=wy .

. : o Yew Yo Y]
Hence the TY24 action with respect to the basis {w;*" w,™ w;"}, denoted by

TYer | s

Crkz 0 0
0 <« 0

Therefore, all the entries of 724 are in Z[¢,i]. Combining the integrality of §¥i2+

and TYe# | we are done. O

: R R T
In particular, Ay, = spang({w, ™, w,™,w;""}) is a I'y j-invariant full-rank free

.
O-lattice in V; 7.

5.2 1-specialization

Since f; = 1, as noted in [Section 3.3.4], the Dehn twist along the boundary curve

acts trivially on V1 |, hence pf, factors through a representation of SL(2,Z) on V7 .

Note that SL(2,Z) is isomorphic to the central extension of the mapping class group
of the closed torus X o by framing.

As before, by the fusion rules, V] | has the standard basis

(01 (1), 01 (2), 0" (Y1), ooy 01 (), 01 (X)), 0 (X)), (5.2.1)
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Let
Bo :={d; - v"(j) : j € Irr (SO(p)2)} (5.2.2)

be another basis of V]ll,l. By [Proposition 4.2.3] and |Proposition 4.2.4], the matrix

presentation of ST and T with respect to By are s and t respectively, where s and t
are given in Equations (£.2.56) and (£.2.65)). Instead of using the standard basis, in
this section, we will use the basis By to start our search for an integral basis for V1 ,.
We will show that there is an integral basis for V| with respect to which s and t are
integral.

Since the basis vectors in B are in one-to-one correspondence with the simple
objects, we will label them by simple objects by an abuse of notation. In other

words,
Bo={1,2,Yy,...Y,, X, X'} (5.2.3)

5.2.1 Integral basis for Vlll,l

The statement of the existence of an integral basis for V{ is similar to that in

last section:
Theorem 5.2.1. There ezxists a f‘\l/l -invariant, full-rank, free O-lattice in V]ll,l.

To prove the theorem we will give an explicit change of basis matrix W € GL(nq, C)
so that W~=1sWW and W~V are integral. Recall that ny = r + 4. To simplify nota-

tions, we write

H:=Vi,. (5.2.4)

We will find W in several steps. First, we decompose H into two ﬁ:-invariant
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subspaces in [Lemma 5.2.1], and reduce the problem to [Proposition 5.2.1]. Next, we

examine the properties of the column vectors of the representation after the change

of basis proposed in [Proposition 5.2.1] . Finally, we prove integrality of the first

column in [Proposition 5.2.3|, and the integrality of the rest of the columns is proved

in [Proposition 5.2.4].

Let

1 0 010 0
~1 0 0 10 0
0 0 0 01
U=\ : (5.2.5)
0 0 00 1
0 ¢ 10[0 -+ 0
0 — 1 00 -~ 0

be an (r+4) x (r+4)-matrix (in particular, the right half of the matrix has r columns).
Let H; = spanc{l — Z, (X — X'), X + X'} and Hy = spanc{1+ Z,Y7,...,Y,} be two

subspaces of H.

Lemma 5.2.1. H decomposes into a direct sum of two f:-invam'ant subspaces H =

H, ® Hy. Moreover, U™'sU|y, and U~"U|y, are integral.

Proof. The basis of H corresponding to U is By = {1 — Z, (X — X'), X + X', 1 +
Z, Y1, ..., Y, }. By Equation (£2.56]), we have
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1
5(11):—]1+—Z+ ZYk—i— X+2X’
1 1 1 « 1 1
s(Z)=—1+—Z+—Y Yi—-X—-X,
(2) 2P 2P V@Z;k 2 2

1
E(Y) =—1+ —Z+ E Ak Yk, V] = 1
RERV/ TR/ A

11, 1. 1.,

101 1. 1
X)= ol - — X+ X'
§(X) =gl =52 -5 X+5X,

(5.2.6)

where Ay; is as Equation ({.2.58). So the action of s on By basis vectors is given by

s(1-2)=X+X,
S(X+X)=1-2,

s(h(X — X)) = o(X - X'),

(5.2.7)
1 2 «
s+ 2Z)=—1+2)+—=) Y,
VP ﬁ?;
1 T
s(Y)=—(1+2)+ Y AV, Vji=1,..,r
(Y;) \/1_)( ) ; ki Y, V7

Therefore, s(H;) = H; for j = 1,2. Moreover, with respect to By, § has matrix

presentation
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001

010 0

100

U 'sU = : (5.2.8)
L g
VPP
0

2 4 A
VP

where a is as in Equation (E2.57]).

Similarly, we have

t(1—-2)=1-2,

HX + X') = (X — X),

t((X — X)) = (X + X)) =i"(X + X), (5.2.9)
t(1+2)=1+Z,

t(Y}) = HjY;', \V/] = ]_, Ty

where ¢ is as in Equation (£.2.17)), and 6; is as in Equation (£.2.20) for any j =1, ..., 7.
By the above computations, t(H;) = H; for j = 1,2. In addition, with respect to

By, t acts as
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1 0 0

001 0
0 i 0
U MU = 1
0 0,

Or

Therefore, we have a decomposition of H into I'; ;-invariant subspaces

H = H, ® H,.
Moreover, we have
0 0 1
U'sUm=1010|CO
100
and
1 0 0
UMNUlg,=1 0 0 1 |0

(@)
~.

<
(@)

(5.2.10)

(5.2.11)

(5.2.12)

(5.2.13)

O

Given [Lemma 5.2.1], it remains to find an integral basis for the (r+1)-dimensional

subspace Hy. We consider
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1
VP (5.2.14)
A

and

t=U"U|g, = : (5.2.15)

Or

Instead of s’ and t', we would prefer to work with s and ¢ defined as follows. Let

1
2
1
D= , (5.2.16)
1
we define
1 2,
—_ _ . a
s:=D7'D = 1\/33 VP (5.2.17)
- .a A
VP
and
1
01
t:=D"WD=t = : (5.2.18)
0,

Let V' be the following Vandermonde matrix
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16, 6 o7
V=106 e ... ol (5.2.19)
16, 62 - 0

Note that when forany 1 < j <7, 0; = (" £ 1. Note also that forany 1 < j < k < r,
6; # 0y, because otherwise, we would have (7 — k)(j + k) = 0 mod p. However, by
assumption, 1 < j—k<r—1,and 1 <j+k <2r,so (j—k)(j+k) %0 modp
(recall that p = 2r 4+ 1 is a prime), contradiction. In particular, the above argument

shows that V is invertible.

[Theorem 5.2.1] now follows from the following proposition.

Proposition 5.2.1. The matrices V=18V and V=tV are both integral.

Proof of [Theorem 5.2.11 from [Proposition 5.2.1]. Let

100
010/]0
W=U- : (5.2.20)
001
0 |DV

We have

111



= (U'sU) -

0 V1D 0 DV

1 00 0 01 1 00
010 0 0100 01 0] 0
0 0 1 1 00 0 0 1

0 V-1D-! 0 s 0 DV (5.2.21)

0 |V'D'DV

Similarly, we have
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100 100
oo 0 (o). 010/[0
00 1 00 1
0 |V D! 0 |DV
100 100 100
010 0 00 1]|0 010]0
loo oo oo
0 V-iD-! 0 t 0 |DV (5.2.22)
100
00 1 0
oo

0 VD% DV

1 0 0
0 0 1 0
— C O
0 " 0
0 | Vaniy A%

O

To prove the proposition we need to study the properties of sV. In the following

discussion, we index the matrix entries from 0. We write

B := (" = 1. (5.2.23)
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For all j € Z for which g.c.d(j,p) = 1, j is invertible in Z/pZ. In the following, we

understand the exponent % of ¢ in the expression ( 7 as the reciprocal of j in Z/pZ.

Proposition 5.2.2. The (j, k)-th matriz coefficient of sV is given by

VD ifj=k=0,
(sV)x =10, if1<j<r and k=0,
k 1
(T—) ey 0, ifk>1,
\\ P/

where €, and (£), are as in Equation [.2.33).

Proof. Case 1. When j = k = 0, a direct computation shows that

1 2 1
SV :——l——-’r’:—-p: p
(8V)oo /P D D VP
Case 2. When 1 < j <7, and k = 0, we have

1 T
SV)jo=—+ > Ay 1
( ).70 \/ﬁ = gl

1 1, .
— 4 3l + —jl
VP =P ()

_i 2r p
_\/ﬁ;C

=0.

(5.2.24)

(5.2.25)

(5.2.26)

The third equality results from the fact that —l = p — [ mod p. The last equality

uses that for any 1 < j < r, ¢7 is an p-th root of unity, so it is a zero of the minimal

polynomial ®,(z) =1+ x + -+ 2.

Case 3. When 1 < k <r, we have
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IR SR Uk RO S s
(8V)n @+§ﬁ<c +¢77 -0

T

1 1 , . kI
SV Ry D DGR
=1
; (5.2.27)
— i 22 le-l—rklz
VP S
1 2r ]
_ = Crk(l2+rj—kl)'
2>
Note that, by assumption, 1 < k£ < r. Hence, Tj—k is well-defined in the finite field
Z/pZ. Let v = 5L € Z/pZ, we have
1 2r
r 2
(sV)jk = 75 D griEn
1=0
1 2r
= k)P orky? (5.2.28)
2>
1 2r
— _C—rk’yQ Z Crk(l—i—’y)?
VP =
Hence, by the quadratic Gauss sum formula (£2:39), we have
1, rk
(8V)jr=—=-¢ ky? <_) ey /D
*/ﬁk P/1 (5.2.29)
- <% cep (T
L
Note that
4r2 —1=2r+1)(2r—1)=p(2r—1)=0 mod p, (5.2.30)
we have
2 j2 J2
kv* = T mod p, (5.2.31)
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and, consequently,

as desired.

To proceed further, let us recall some basic facts in number theory.

Lemma 5.2.2. Let O* be the group of units in O. Then

p=2r 1= (1) -

k=1

Proof. Recall that

2r

Op(z) =1tz +- o =]l -

=1

Putting x = 1, we have

2r

p=2r+1=]J1-¢)

=1

H )
H Bt -1

T

H 9110 -

k=1

= (-1 I -

k=1

(T+1)

Let € :== (—1)" - ¢~

7 #0 mod p and k Z0 mod p, we have
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(5.2.32)

(5.2.33)

(5.2.34)

(5.2.35)

O

€ 0*. Note that for any pair of integers j, k such that



%éi € 0. (5.2.36)
This is because, in Z/pZ, we can write j as a multiple of k, so the quotient in (5.2-36))
can be written as a sum of elements in O, and is hence in 0. Conversely, we can
write k as a multiple of 7, then the inverse of the quotient in (5.2.36]) is also a sum of
elements in O, hence in O.

Combining [CLemma 5.2.2] and the above observation, we have the following corol-

lary.

Corollary 5.2.1.

Vv =u] -6, (5.2.37)
for some u € O*.

Proof. Note first that the two square roots of € are in O*. Indeed, since 4 is invertible

—r(r+1)

in Z/pZ, ¢« is well-defined in O*. Moreover, since (i")? = (—1)", we have that

the two square roots of € are

N A (5.2.38)

both of which are in O*.
By[Lemma 5.2.2] there exists a choice of square root of € (depending on p), denoted

by e, such that

VP = ef[(l - (5.2.39)

The discussion above shows that e € O*.

We also have, for any 1 < k < 2r,
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Setting u = ¢ H Nk, we have
k=1

T

vo=e[J0-c)=TI0 -4, (Hm>=uﬂ<l—ek>.

k=1

Note that u, as product of elements in O*, is in O*.

Proposition 5.2.3. The 0-th column of V=18V is a vector in O"+1,

Proof. By [Proposition 5.2.2] we have, for any 7 =0, ..., 7,

T

(V7sV)0 =D (V )u(sV)ie = (V )jo - /P

1=0
To prove the proposition, we have to show that (V1) - VP € 0.

Note that
> Vi (V0= 0L (V70 = o
j=0 j=0

We now consider the polynomial
Po(z) = (V7 ')jo- 2.
By Equation (5.2.43]) we have

Po(eo) == 1
Py(0p) =0, Vk=1,...,r.

Therefore, by the Lagrangian interpolation formula, we have
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(5.2.41)

(5.2.42)

(5.2.43)

(5.2.44)

(5.2.45)



Po(z)=> (V-2 =[] 91” — Z: (5.2.46)

=0 n=1
By comparing coefficients, we can write down explicit formulas for (V=1),o. More

importantly, we observe that

T

(V- [J(1=6) €0, (5.2.47)

n=1

since Equation (5.2.46) implies that (V=1);0 - [[_,(1 — 6,) is the coefficient of the

integral polynomial [[|_,(z —6,). By [Corollary 5.2.1], we have for the unit u € O*

(V™0 vp=V"50 u][1-0,) €o0. (5.2.48)

O

By [Proposition 5.2.3| we are left to show that the [-th column vector of sV for

1 <[ < r+1 and all the column vectors of £V have the property that after multiplying

them V! from left we get vectors in O"*!.

In light of [Proposition 5.2.2] we have the following observation:

Lemma 5.2.3. The [-th column vector of sV for 1 <1 <r and all the column vectors
of tV' are, up to a scalar multiplication by 1 or +1, of the form [1,91j,9§, N Ak

for some 0 < 7 < 2r.

Proof. This is a direct result of [Proposition 5.2.2| and the definition of ¢. O

Consider the polynomial h(z) = (z—1)(x—0,) -+ (x—0,) = 2" +bya" + - -+ b,y

and its companion matrix
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0 1 o0 0 0
0o 0 1 0 0
Cp = 0 O 0 1 0 . (5.2.49)
0 0 0 0 - 1
bt <b —by b e by

Note that for all k =1,...,7 4+ 1, by € O. Hence, C}, C O.

Proposition 5.2.4.
VTRV = (Cp)- (5.2.50)

In particular, V=1tV C O.

Proof. As discuss before (see the paragraph below Equation (5.2.19])), we have distinct
eigenvalues 0, ..., 0, of Cj,. For j = 0,1, ...,7, the eigenvector of C} corresponding to

the eigenvalue 6; is exactly the j-th column vector of V. Therefore, V* diagonalizes

Chi

(V)T Cu(V!) = ¢. (5.2.51)

Taking the transpose of both sides, we have

V(C)'(VTH =t, (5.2.52)

as t is diagonal. Thus
VY = (Cp) (5.2.53)
O
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It is immediate from the above proposition that for any 0 < j < 2r, V-1#/V C O.

By [Proposition 5.2.4] to prove [Proposition 5.2.1| it remains to show that V~=!1sV

0.

Proof of [Proposition 5.2.1]. For 0 < j < 2r, the column vector [1,6,7, 8], --- 6]

described in [Proposition 5.2.3| is exactly the first column of #/V. Therefore, by the

above observation, V' [1,6,7,6},--- #/]' C O. By [Proposition 5.2.3], all column
vectors of VsV are in the form of V=1 [1,6,% 6% ... 6F]' for some 0 < k < 27, s0
V-lsV £ 0. O

We will denote the integral matrices W~!sW and W~1IW by 8! and T* respec-

tively.

5.3 Z-specialization

e~ —

As noted in Section B34l p{; factors through a SL(2,Z) representation on V{,
since 6, = 1.

According to the fusion rules the standard basis for V7, is {v7(Y1),...,v”(Y;)},
and in order to compute the S and T actions with respect to this basis we start

again with the auxiliary matrix SZ.

5.3.1 The auxiliary matrix 57

In this section we compute the auxiliary matrix SZ according to Equation (EZ.I3).
By symmetry, we only need to compute 5’2{2},’“]1 for 1 <k < j <r. And we have to

discuss the cases when j > k and when j = k separately.

(Y;,Y,)-entry, j > k:
Recall the fusion rule when j > k:
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Y; @Y 2 Y © Vi (5.3.1)

Furthermore, if j + k < 7, we have [j + k] — (j — k) = 2k > 0. Otherwise, [j + k] —
j—k)=@—j—k) —j+k=p—2j>p—2r=1 Soforany 1 <k <j<r we

have j — k < [j + k.
Following the indexing conventions in [AFT16] Section (4.2.2), we write

R, (R
iy = ( By, BT 1y (5.3.2)
o (F}%Y-Y ) (F;/-ICY»Y )
Jtitk ZYi_y, Jtitk ZYij1n
and
v ) (&)
}}jkYY _ ( Y;Y;Yy Yl Y;Y;Y Y, 12 ' (533)
(@), L (G
TR Yl T Y2
The values of the entries in the above matrices are given in [AFT16] as
1 1 1
FY = _—_. 5.3.4
TR VR | Ly (2)6-m) (5:34)
and

1 1 (—1)U=k+D)
GYvy, = = | . (5.3.5)
V2 1 (=1)U-R

In particular, we record the following values:
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1
Y
(FY;YJ’Y’“)HYM =3
1
V2

Y;

LY[j1x)
- (—1)u-k (5:.6)
< YJ'YJ'Y’“)ijZ B V2
Gt
W)y r T VB
By Equation (£.2.20), the data involving R-matrices is readily computed:
RyyE - Ry = exp (2(hy,_, — hy, — by, )mi)
e TR (5.3.7)
_ Cr((j—k)2—j2—k2) — ¢~k — ik
using that (P = ¢+ = 1.
Similarly,
RYm | Yk _ oy 2(h — hy. — hy, )i
;¥ viy; = &P Yij+r) Y; v )T (5.38)
_ Cr((j+k)2—j2—k2) — ik — =ik,
Therefore,
oZ  _ pYi-k  pYi-k Y . Y
Svv. = Byy, - vy, <F ﬁYM)nnk (Gﬁym)yjkz
Ytk Ytk Y Y
=R R (Ron) (@),
[5+k] [7+k] (5 3 9)
1 (—=1)U=F+D 1 (=1)=H e

— dk .. —jk
BV V- R
(_1)(j+k+1)

= — . (Cﬂf _ C_jk> )

v Ry,

Note that changing the power of (—1) from (j —k+1) to (j+ k+ 1) does not change
the value, but we prefer this notation because it reminds us that S% y, 1s symmetric

in 7 and k.
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(Yk, Yy )-entry:

For 1 < k < r, we already have the data we need. Namely, from Equations (5.1.3)),

(G14), (5.15) and (51.6) we have

oz 1 2 Yy ) Yy
Sy = (By) (FYkYkYk>M (GYkYkYk o

Z  \2 Y Y
+ (Byn) '(FY;fYkYk)M' (GYQYkYJZZ

Y 2 Yy Y,
+ <RYE§2> : <FY:YkYk)]1Y[2k] : (Gy:ykyk>y[2klz (5.3.10)
:ng 1 ﬂ+gk2.ﬂ.l+g—k2.£.é

- 3)

Since (—1)**#+1) = —1, we can combine Equations (5.3.9) and (5.3.10) to get

2 2 2 2

) 1)Uk
57, =0 1>2+k+1 (¢ — ) (5.3.11)

forany 1 < j, k <r.

5.3.2 The action of S%

By Equation (£2.14), for any b,c € {Y1,..., Y.},

dg ’ (Fcccc)Z]I (FZZZZ)]I]I
2\/]3 (Fcccc)ﬂﬂ

First, recall that dy, = 2 for any k = 1,....,7. As in Equation (5.I1.3), we have

Y; Y;
(P ), = —1/2 and (R, )

(FZ;2)4, = 1. Therefore, we have

Z _ QZ
Scb_Sbc'

(5.3.12)

=1 for any k = 1,...,7. Finally, by [AET16],
11
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'2@-(3): =

Plugging Equation (5.3.11]) into the above equation, we have

S% =S¢ 4.(_71) 2. 22 (5.3.13)

SZ. - (=)o (¢ — ). (=2
a ’ VP 5.3.14
(—1)0+k) , , (5.3.14)
=7 . (Cﬂf — g—ﬂf) .

VP

5.3.3 The action of T4

By [Lheorem 3.3.2], we have the following proposition.

Proposition 5.3.1. With respect to the standard basis,

61
T? = : (5.3.15)

5.3.4 Integral basis for Vf 1

In this section we prove the following theorem.

Theorem 5.3.1. There is a basis of Vfl such that, with respect to this basis, the

matriz presentation of SZ and TZ are integral.

Before proceeding to the proof, we have to recall some basic facts about the so-
called V,-TQFT associated to p [BHMV95, I(GMyW04] in order to use the integrality
result from |[GMvWO04]. In the literature, the V,-theory is also referred to as the
SO(3)-theory associated to p. However, in order to avoid confusion with the SO(p)s

modular category in this paper, we prefer using the term V-theory. An extensive
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discussion on the V-theory is beyond the scope of the paper. The interested reader
is referred to [BHMV95] for details.

In this dissertation, we focus on the modular data of the modular category £,
that gives rise to the Vj-theory. According to [BHMV95|, the modular category £,
has 7 simple objects. Hence the S-matrix, denoted by sy, is of size r X r, and its

entries are given by

P e S it S Vil

i\/p ¢— (¢! o i/p (CJ - ¢’ ) (5.3.16)

(5Vp)jk - (_1)

for j,k=1,...,r.
Recall that ¢ = exp (%m’). The T-matrix of the V,-theory is given by

-2

(t,) ;= G- (F1)77H /! (5.3.17)

for j,k=1,....r.
The relation between the modular data of the V-theory and the mapping class

group action on V#, is as follows.

Theorem 5.3.2.

SZ =1- 5v,,
(5.3.18)

1

T =(" - (ty,) .
Proof. With i~' = 4*, the statement on sy, and SZ is the consequence of direct

comparison between Equation (5.3.14]) and Equation (5.3.10).

The statement about ty; and TZ is based on the observation that
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() o (557m0) = o (Smr) ==
q=-exp|—mi | =exp mi | = —exp | —mi ) =—(C".
p p p

Consequently, for any j =1, ..., 7,
(th)jj - (_1)j—1 ) qj2_1 _ (_1)j—1 . (_C—r)jZ_l

= (- =0

— ¢ (17

Ji

Note that (—1)7°+7=2 = (—=1)7*+] = (=1)iU+) = 1

Consider the matrix 3 = (3;;), whose entries are given by

30 = (_1)j ) C—T’k(ﬁ—l) ) (Cj _ C_j)

for j,k=1,...,r. In [GMvWO04, Theorem 6.1}, it is shown that

3_15\/,,3 C O

and

37,30 0.

We can now return to the proof of [Theorem 5.3.1].

Proof of [Theorem 5.3.1] . Tt is enough to show that

3718230
and
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(5.3.20)

(5.3.21)

(5.3.22)

(5.3.23)

(5.3.24)



371723 - 0O.

By [Theorem 5.3.2,

371573 =i-37"s,3C 0

since 7 € O.

By [I'’heorem 5.3.2, we have

3T 3= 3 30 0

(5.3.25)

(5.3.26)

(5.3.27)

as (7" € O. We can tweak this result once we realize that the diagonal entries of T

are all p-th roots of unity. Hence for any j =1, ..., 7,

(TZ)jj =0, = (0,)" = (0,7 = <(TZ);]-1)2T-

Since T# is diagonal, this means

7= (1)),

and, consequently,

371773 = 37! ((TZ)_I)%?; = (3@ 3)2T Co.

We will denote 371543 and 371743 by 84 and T respectively.
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Chapter 6

Discussion

By the Main Theorem, for any a = 1, Z,Y1, ..., Y,, with respect to the integral
bases B?, the matrix presentation of any element in P‘ll,1(f\1,/1) is integral. For a =

1,7, Y1,...,Y,, recall that (Equation (5.0.1]))

ne = dim(V? ), (6.0.1)

and that A, = spany(B?) is the f;-invariant, full-rank, free O-lattice in V{,. We

have a representation

Q" : T; — GL(Ay),
gl — E(SO(p)g) - 8¢
(6.0.2)
Tl — T
K = ¢£(SO(p)2) - 1dy,

where GL(A,) denotes the group of O-linear automorphisms of A,. Consider the ring

homomorphism Z[(,i| — (Z/pZ)][i] sending ¢ to 1. It induces a group homomorphism

B : GL(A,) — GL((Z/pZ[i])"*), (6.0.3)

note that (Z/pZ[i])™ = A,/(¢ — 1)A,.

Consider the composition
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T 2 GL(AL) B GL((Z/pZ[i])™). (6.0.4)

It is interesting to study the image of 1:: under the reduction map P o Q% since the
reductions may have connections to topological information of 3-manifolds, such as
the Casson-Lescop invariants and the Milnor torsion, see for example, [Ker02]. We will
also call P0Q%(v) the reduction of v for any v € I'y ;. Recall that £(SO(p)s) = i¥ € O
by Equation (5.0.4]). The reduction of the central generator K € 1:: is readily seen

to be

P(Q"(K)) =i - 1d,, (6.0.5)

forany a=1,7,Y7,....,Y,.

In the first section, we will give examples of explicit expressions of the integral
matrices 8* and T* for a € {1, 7,Y3,...,Y,}. For any odd prime p = 2r + 1 and any
a € {Yy,....,Y,.} CIrr (SO(p)s), we give explicitly 8* and T* for each a. We then give,
the integral matrices 8* and T* for a € {1, Z} C Irr (SO(p)2) for p = 3, 5 and 7. We
will also give the reductions of S; and T} using the integral matrices provided in each
case.

The rest of the chapter focuses on other properties of the representations pf ;.
We will show that the image of every representation of the mapping class group
specialized to a € Irr (SO(p)2) is a finite subgroup of GL(V{,). We will also discuss
the relationship between p]ll,l and pf , and the Weil representations over the finite field

Z/pZ.
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6.1 Examples of the integral matrices and their reductions

For any odd prime p and any k& = 1,...,7, we have explicit expressions for §¥i2#

and T2% given by Equations (5.L51) and (5.1.55). We have

00 1
PQEH(S)) =i 0 1 0 (6.1.1)
100
and
100
PQE(T))=| 0 0 1 |- (6.1.2)
0 i 0

Next, we consider the 1-specialization. Since V]ll,l decomposes into a direct sum
of f\lg—invariant subspaces H; @& H,, we have that Ay also decomposes into 1::1—
invariant sublattices. Let Al := H; N Ay and let A2 := Hy N Ay. It is enough to give
the restrictions of B(QL(S;)) and P(QL(T})) to A} and A2. By Equations (5.2.12)

and (0.2.13), we have

00 1
P S)a) =" 0 1 0 (6.1.3)
100
and
100
PO T)[)=|0 0 1 |- (6.1.4)
0 i 0
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Remark 6.1.1. If we further reduce 7 to 1, we recover the I'y ; action on the space of
functions on quadratic forms on Hy (X 0, Z/27) with Arf invariant 0, or the Birman-
Craggs homomorphisms via the identifications given by Johnson. The interested

reader is referred to [Wri92] [Joh80, BCTS].

By [Proposition 5.2.4], T*|,2 = V'tV (see Equations (5.2.19) and (5.218)) can

be given by the transpose of the companion matrix of the polynomial [[;_o(z — 0;).
Therefore, P(T| az) is the transpose of the companion matrix of the polynomial
[[_o(z — 1) = (z — 1)+, since the map Z[¢,i] — (Z/pZ)[i] sending ¢ to 1 is a ring

homomorphism. Hence, we have

(B @) = (BEa))

J ik
0j ke if0<j<rand0<k<(r—1) (6.1.5)

(—1)r= - (“Jﬁl) modp f0<j<randk=r

In the rest of this section, we will give explicitly 8'|,2, T"[,z, 87 and T7 for the
categories SO(3)y, SO(5)2 and SO(7)2. We will also give the corresponding reductions
P(Q"(S1)]a2), B(QM(T1)[a2), P(Q?(S1)) and P(Q?(T1)). Recall that by our conven-
tion of notations, SB\A% =V-lsV, ‘J'ﬂ\A]zl =V 1V, 8% =3715%3 and T = 371743
where the explicit expressions of s, t, V, S%, T? and 3 can be find in Equations

G217, (218), ((219), ((314), (5315), and (B3.21)), respectively.

6.1.1 SO(3),

In this section, p =3, r =1, ( = (3 = exp (%m’), and 0; = C?ZQ for 7 =0, 1.

We start with the 1-specialization. As is shown in [Proposition 5.2.4], 7% | A2 1s the

transpose of the companion matrix of the polynomial H;:O(x —0;) = (r—1)(x— ().
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We have

0 —
T'|pe = © (6.1.6)
1 1+
and by direct computation, we have
— 1
S p2 = —iCs © . (6.1.7)
LG
Therefore, we have
" . 0 2
PB(Q (T1)[az) = B(T az) = (6.1.8)
1 2
and
o . R S 1 2
PB(Q"(S1)[az) =B - 87 |az) = (—4) - (—7) - = - (6.1.9)
1 1 2 2

Note that by [Lemma 5.0.1], ny = 1. By direct computation, we have

TZ = ((3), (6.1.10)

and

8§87 = (4). (6.1.11)

Hence we have
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and

6.1.2 SO(5)

PO (Th)) = B(T7) = (1)

P(Q7(S1)) = P(* - 87)

I
—~

—_
~—

(6.1.12)

(6.1.13)

In this section, p =5, r =2, ( = (5 = exp (%m’), and 0; = C§j2 for j =0,1,2.

We start with the 1-specialization. By Proposition 5.2.4, the transpose of the

companion matrix of the polynomial H?:o(x —0;) = (x = 1)(z — &)(x — ) gives

T [a2- So we have

THe =1

1

0

1

1
5(\/5—1) -

S(1-V5)

By direct computation, we have

8%z = 1

LI

SVE-1) 0

%(1—@ 0

%(\/5— 1) —1 1
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1 0 C5—|—C§

0 1 —(¢+¢5)

G+HeG  G+¢G 0
= 1 —(G+¢) 0
C5+C§ -1 1

(6.1.14)

(6.1.15)



Therefore, we have

PQN(T1)]az) = B(T'az) =

and

0

0

1

3

2

1

(6.1.16)

(6.1.17)

We directly compute the matrices given by the Z-specialization. We have

77 =
-G

and

§% =

Therefore, we have
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G+¢E ¢
0

-(1+¢) &-¢
—(GE+¢) 1+¢

(6.1.18)

(6.1.19)



P(QH(T1)) = P(T7) = (6.1.20)

and

P(Q7(S1)) = P(° - 87)

I
~—~
I
—
S~—
I

(6.1.21)

6.1.3 SO(7)

In this section, p =7, r =3, ( = (; = exp (%m’), and 0; = C;’jz for y =0,1,2,3.
We start with the 1-specialization. By Proposition 5.2.4, the transpose of the
companion matrix of the polynomial szo(x —0)=(x—1)(z—)(x—-)(x -

gives T"|52. So we have

000 —1
1 000 ~1
100 5 (1+iVT) ) )
100 —(¢G+¢+
Ty = _ (G +G+G) (6.1.22)
010 1
010 1
001 —(&G+G+6&)
1 :
001 5(1—@\ﬁ)

and
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(1—iv7) ~1 0 0

1 o
8 |A%_Z'

(6.1.23)
-1 1 -1 0
1 G+E+¢E 0 0
| @G+ -1 0 0
G+E+¢ G+E+E 0 1
—1 1 -1 0
Hence, we have
000G
1 004
PQH(T1)[az) = B(THa2) = (6.1.24)
0101
0014
and
P(Q'(S1)]az) = P - 8"[x2)
1 3 0 0 6 4 00
o -3 -1 0 0 3100 (6.1.25)
o 3 3 0 1 - 4 4 0 1
-1 1 =10 1610




For the Z-specialization, we have

G+E+¢ ¢ o0

V=] ~GraE+d o ¢ (6.1.26)
G 0 0
and
G G-G GG
8% =i 1 1-¢ =G+ | (6.1.27)

—1+G+¢) G+G+¢ G-¢

Therefore, we have

310
PORANM) =BT =] 4 0 1 (6.1.28)
100
and
1 0 0 6 00
PQ¥(S) =P -87)=i-i-| 1 0 -2 |=]|60 2] (6129
33 0 340

6.2 Image finiteness

In this section, we will apply [NS10, Theorem 7.1] to prove the following theorem.
Theorem 6.2.1. p‘fvl(l::l) is a finite subgroup of GL(V{,) for anya € {1, Z,Y1, ..., Y, }.
Proof. Recall that n, = dim(V{,) (Equation (5.0.I)). It is enough to show that
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(84,7, K, ¢ - Idy,,), the subgroup generated by 8¢, 7% K¢, ¢ - Id,, in GL(V{,), is
finite. As K* =4¢*"-1d,, (cf. [Theorem 3.3.3, [Lemma 5.0.2]), it is enough to show

that (8*,7% 4 -1d,,,( -1d,,). Since i - 1d,,,, ¢ - Id,, are central and have finite order,

it is enough to show that (8, T%) is finite. By [Theorem 6.2.21, (8%, T%) is finite for

a=1Y; j=1,..,r. By [Theorem 6.2.3, (8%,7¢) is finite for « = 1. Finally, by
Theorem 6.2.4], (8%, T) is finite for a = Z. O

6.2.1 The Y}y,-specialization

In this section, we prove
Theorem 6.2.2. (8¥zx) T¥2u) | the group genmerated by 812 and TYi2¥, is a finite
subgroup of GL(VTE”).
Proof. Let S5 be the permutation group on 3 elements. Let @ := (i,{) € C* be
the subgroup of non-zero elements in C generated by ¢ and (. Consider the subset

F C GL(3,C) consisting of matrices M € GL(3,C) satisfying the condition that

there exist m € S3, and q1, g2, g3 € @ such that for j, k= 1,2, 3,

Mk = 0jn(r) - 45- (6.2.1)

It is readily seen that F' is a subgroup of GL(3,C), and F = S;x Q3. So F is a finite
subgroup of GL(3, C).

By Equations (5L5I) and (BI55), (8¥iex, T¥ek) € F, so (8¥x TVi24) is finite.

U

6.2.2 The 1- and Z-speciaizations

Let C be a modular category, and let s¢ and t¢ be its modular data. Let 6 and 7

be generators of SL(2,Z) (see Equations (2215) and (2.21I0))). Let ¢¢ be a cube root

139



of £(C). In other words, ¢ satisfies

i =€) (6.2.2)

It is shown in [ENOOQ5, Corollary 8.18.3] that £(C) is a root of unity, hence ¢ is also

a root of unity. By [BKO01 Corollary 3.1.8], the homomorphism

fic : SL(2,Z) — GL(Ky(C) ® C)
g — s (6.2.3)
Tt
is a linear representation of SL(2,Z). Moreover, fic lifts the projective representation

te defined in Equation (2.2.17) in the following sense. Let p : GL(Ky(C) ® C) —

PGL(K((C) ® C) be the natural projection. Then we have a commutative diagram

SL(2,7Z) = GL(K,(C) ® C)

7)
\ / : (6.2.4)

PGL(Ko(C) ®

It is shown in [NS10, Theorem 7.1] that for any modular category C, the image
fic(SL(2,7)) is a finite subgroup of GL(K(C)®C). In other words, |(s¢c, tc-tc)| < oo.
Recall that the modular data of SO(p), is denoted by s and t. Let tgo(,), be a
fixed cube root of £(SO(p)2) = i*". Note that t50(y), is a root of unity. Now we are

ready to establish the following theorems.
Theorem 6.2.3. (8", T") is a finite subgroup of GL(V] ).

Proof. By the definition of 8¢ and Tt at the end of [Section 5.2/, we have

(8%, TH = [(W™lsW, W=Hw)| = [(s, )], (6.2.5)

140



because conjugation is a group automorphism. Moreover, we have

<§, f> - <§, t, LSO(p)2 * Id) = <5, LSO(p)s * t, LSO(p)2 Id>, (626)

since tgo(p), - Id is central in GL(V? ;).
Since tso(p), is a root of unity, (1s0@), - Id), the subgroup of GL(V] ) generated

by tso(), - 1d, is finite. In other words, |(tso(p), - Id)| < co. Therefore,

(8%, T = (s, )] < (s, tsop) -t tso@m), - 1d)]

(6.2.7)
< {8, tso). - O [{tso@), - 1d)| < oco.
U
Theorem 6.2.4. (87,T7) is a finite subgroup of GL(V?,).
Proof. By definition and property of conjugation, we have
(8%, T%)| = (37573, 37'T73)| = (5%, T%)|. (6.2.8)

Note that vy, is a root of unity by the argument at the beginning of this section. By

[Theorem 5.3.21, and a similar argument in the proof of [Theorem 6.2.3, we have

(SZ,T)| = |(i-sv,, (7" t,)]
< sy, v, - tv,, ty, - 1d, i-1d, ¢-1d)] (6.2.9)

< [sv,0 vy -ty [y, - )] - [ - Id)] - [{C - Td)| < oo

141



6.3 Relationship to the Weil representation

In this section, we relate ,0]1171 and pf , to the Weil representation over the finite field
Z/pZ. There is a vast amount of research on the Weil representations over various
fields, for example, see [Weib4, [Gér77, [LV8Q]. In this section, we will only extract
some essential ingredients of the representation of SL(2,7Z/pZ) following [Chal2].

Our starting point is the observation that both ,0{{1 and pi | give rise to projective

representations of SL(2,Z). More precisely, let

0 —1 11
(6.3.1)

Q>
I
X
I

1 0 01

be the generators of SL(2,7Z). As is mentioned at the end of Section 2.2.2 for any
finite dimensional complex vector space V', and any automorphism M € GL(V') of V,
we denote the equivalence class of M in the group PGL(V') by {M}.

Direct computation shows that the map

p' i SL(2,Z) — PGL(V{,)
6 — {U'sU} (6.3.2)
7 {UTHU}
is a group homomorphism. Recall that we denote V]ll,l by H. Recall that by Lemma

(.21l we have a decomposition of H into I:I—invariant subspaces H = H1® H,. Then

we have the following group homomorphism

py = SL(2,Z) — PGL(H,)

Q= {1 (Q)m,}-

(6.3.3)

Similarly, direct computation shows that the map
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p” : SL(2,Z) — PGL(VY,)
& {S%} (6.3.4)
7 {T7}
is a group homomorphism.

To construct the Weil representation, we first define the Heisenberg group I, by

1 vy 2
H, = { 01 z|,z,y,2z€ Z/pZ}. (6.3.5)
001
H, is a non-abelian finite group of order p*. Multiplication in ¥, is matrix multipli-

cation. There is an embedding of Z/pZ into H, via

9. ZIpZ — K,
10
: (6.3.6)
z=101 0],
00 1

which identifies Z/pZ with Z(3,), the center of H,. We also have a surjective

homomorphism from 3, to (Z/pZ)* given by

P 3, > (Z/pL)*,

1
vos (6.3.7)
01 z|+—

0 01

It is easy to check that J and P give rise to a short exact sequence
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0— Z/pZ % H, L (2/pZ)? — 0. (6.3.8)

Consider the action of SL(2,7Z/pZ) on (Z/pZ)* given by

A :SL(2,Z/pZ) — Aut((Z/pZ)?)

a b x azr + by (6.3.9)
A : — ,

c d Y cr + dy

a b x
for all € SL(2,Z/pZ) and € (Z/pZ)*.
c d Yy

It is shown in [Chal2l Section 2.2] that with a suitable choice of section of P, A
can be lifted to 3(,, and the lifted action is trivial on the center Z(J(,).

Let £L2(Z/pZ) be the space of complex-valued functions on Z/pZ. It is clear that
dim((£*(Z/pZ))) = p.

For any non-trivial irreducible central character ¢ : Z/pZ — C, we can define a

representation 7, : 3, — GL(L*(Z/pZ)) by

1 y =
T 0 1 =z ()| (a)=¢(—za+ z)f(a —vy), (6.3.10)

0 01

1 vy z
forany |0 1 2| € K, and f € L%Z/pZ).

0 0 1
Since , is a p-dimensional representation, by the representation theory of finite

groups, it is either a direct sum of p 1-dimensional representations or irreducible.

However, in the first case, m,|z(s,) should be trivial, which contradicts to our as-
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sumption on ¢.

By the Stone von-Neumann Theorem (for example, see [Pra09, Theorem 3.1]),
if two irreducible representations of 3, coincide on the center Z(¥,), then they
are equivalent. Now let ¢ be any nontrivial irreducible central character. For any
Q) € SL(2,Z/pZ), consider the representation 7, o ), a p-dimensional representation

of H, with the property

(T 0 Q)| z(3,) = ¥ = Tolz3¢,) (6.3.11)

By the same argument about the dimension of the representation theory of the finite
group J}, as in the previous paragraph, we know that 7,0 is also irreducible. Hence
T, 0 Q) is equivalent to 7,, in other words, there is an intertwining operator, denoted

by W,(Q) € GL(L*(Z/pZ)) such that the diagram

cx(z/pz) —=" s £2(2/p2)

W@ [we@ (6.3.12)

c2(z/pz) 2N 2z )

commutes for all h € J,.

By Schur’s lemma, W,,(Q) is unique up to scalar, so we get a projective represen-

tation of SL(2,Z/pZ). More precisely, we have a group homomorphism

W, : SL(2,Z/pZ) — PGL(L*(Z/pZ)). (6.3.13)

This projective representation is called the Weil representation of SL(2,7Z/pZ) (with
respect to ). For simplicity, by an abuse of notation, we will present an equivalence
class in PGL(L%*(Z/pZ)) by one of its representatives in GL(L*(Z/pZ)).

Again, let 6 and T be the generators of SL(2, Z). Their reductions mod p generate
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SL(2,Z/pZ). By an abuse of notation, we will not distinguish ¢ and 7 from their
reductions. For j € Z/pZ, let f; : Z/pZ — Z/pZ be the function defined by

fi(x) = 8ju, Yr € Z/PL. (6.3.14)

The set {f;|j € Z/pZ} is a basis for L*(Z/pZ).
Let ¢ be a nontrivial central character of Z/pZ. To describe the Weil represen-
tation with respect to ¢, it suffices to give the matrices of W,(6) and W, (7) with

respect to the basis given above. It is not difficult to compute that

1 1 1 1
L p(1) ¢(2) o p(p—1)
We(@) =11 (2 p4) - 20— 1) (6.3.15)
L o(p—1) @2(p—1)) e((p—1)%
and that
1
p(—%)
W (7) = #l=%) ) : (6.3.16)
(=)
p(=15%)

As before, % is understood as the reciprocal of 2 in Z/pZ.

Note that W, is reducible. Indeed, it is easy to see that

E" = spang({fx + fo—k|k=0,1,--- ,1}) (6.3.17)
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and

E = spanc ({fx — forlb =1, ,7}) (6.3.18)

are two invariant subspaces. Moreover, we have a decomposition of £*(Z/pZ) into

invariant subspaces £2(Z/pZ) = E¢" ¢ E°%,

By (63.10) and (6.3.16]), we have

X X 1 a
W;Uen((f) = W¢(0>|Eeven = . (6319)
2-a B

Here, a is as in Equation (£257), and B is an r X r-matrix with entries given by

We also have

WE™ (7) = Wig(#) | peven = o(-2) - (6321

Let ¢ : Z/pZ — C be the central character given by

o(j) =, Vj € Z/pZ. (6.3.22)

We have \/pA = B, where A is defined in Equation (£.2.58). We also have
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1 2 :
2r=—1 modp = r= —3 mod p = QO(—%) = CWZ =0;. (6.3.23)

Therefore, we have

L
W (o) = vp 2\@ ﬁA , (6.3.24)
VP
and
1
even ( -~ 91
W (1) = . . (6.3.25)
0,
Define the linear map
h: Hy — E°"
1+7Z—2f (6.3.26)

Y}‘ —> fj +f;n—j7 VJ = 1,...,7’.

It is easy to see that b is an isomorphism. Therefore, it induces an isomorphism

o

b* : PGL(Hs) = PGL(Ee*n).

Let

mod, : SL(2, Z) —» SL(2, Z/pZ) (6.3.27)

be the reduction mod p homomorphism.
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Theorem 6.3.1. Let ¢ be the central character defined in Equation (6.3.23). Then

u factors through Wegver. More precisely, we have the following commutative diagram

SL(2,Z) = > PGL(H,)
modpl glh* . (6328)
SL(2,Z,/pZ) ——* " PQL(E*m)

Proof. By Equations (5.2.14), (5.2.19), (6.3.24) and (6.3.25]), we know that h*opud and

Wegremomod are only different by a scalar multiple, hence as projective representations,

they are the same. O

We can also determine the odd part of the Weil representation with respect to the

basis {fx — fp—xlk =0,1,---,r}. For j,k=1,...,r,
(WE(8)) . = (W& poas) 5, = (8) — 9(=iF) (63.20)

and

72

(WEH(2)) = (W) o), = - (=) (6.3.30)

If we define again ¢ as in Equation (6.3.22]), we can rewrite the above equations

as

(W), = ¢F =" (6.3.31)
and
odd ( ~ _i2 2
(W™ (7)) = 01 €7 = 8- 7 = 610+ 0. (6.3.32)
Consider the linear map
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wiVE s ot
(6.3.33)

v (Y;) = (=1 (f; = fog)s Vi=1,.m
It is easy to show that this is a linear isomorphism. Therefore, it induces an iso-
morphism of groups u* : PGL(VY)) =y PGL(E®). More precisely, for any {F} €

PGL(V?,), we have u*({F}) = {uo Fou™'}.

Theorem 6.3.2. Let ¢ be the central character defined in Equation (6.3.23), then

u? factors through ngd. More precisely, we have the following commutative diagram

SL(2,Z) — 5 PGL(VZ,)
modpl glu* . (6.3.34)

odd

SL(2,Z/pZ) ——~—— PGL(E*d)

Proof. By Equations (5.3.14)), (5.3.10), and the definition of u*, we have

(P = ¢ (6.3.35)

and

lfj 7A k. SO (—1)j+k . 5j,k = 5]'7]{. U
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