
 Lecture 10

Lasttime dim H so Ik Ik charlk 0

Iet s id if and only H is semisimple and cosemisimple

THM41 H is semisimple ifandonly if H't is semisimple

Frobenius system f ri bi

For Hopfalgebras R S Ai Ai CA sat g i Aar

Comparing Nakayama get 5 h g a h a g theH

LEMHI A Frobenius w f ri bi e cA sit et Ce for some c elk

and F E EnderleA Then cTre F 2 f Feelin ri

The leftregularrepresentation on H is H End H he th th a ha

Let X be the character of this rep that is X H 1k XCh Tru th

Clearly X EH

LENI

is X Q E Q for all E SIUS
2 SA x X

3 X dim H X x2 x x ga ga
la A A eca A

PI I Consider A E f's Since La h ath A so in viewof the isomorphism
H OH I End H La corresponds to a 0 A Thus X A Tru La 2 A

E A bydefinition The case for right integrals are proved similarly
12 th ne e H LSach a 5 h x s h 5 2 as



S Ly 52 a So 5 x h X Sach Try Lsachs Trn Lh Xth

3 Let Y HOH as vsp endowed w the leftH action
k ych ow khox v f k h v e H

Let 2 HOH as v sp equipped w two copies of leftregular rep
k z th Qr 2 k h Oka v

Then it is easy to check that Y Y Z Y hav 2 h hav is

a left H module isomorphism w inverse 9 hov Eh OSchair
i

9 4 hav 9 Eh hav
th'tit
zI h Ox Sechin

Khor E Kh Okhla
I higher hav

Comparing characters ofYand Z we have Try ki TrusteeOxidn XCk dimCH

Trz k z Try F Lk Ohh I Xlk xck x x k x ik then

171

Prof.LI Choose the flit and A e f n s t IN 1 Then

d Try S2 E AR X In

12 if s id then dim H E AR n In and x EAR at

Consequently if we also have dim H 0 in1k then X ICH X dim H

PI Apply Lem4.9 to H wt e In along w the fact that N S ai Aar

is a Frobenius system Prop 4 6 we have for any F EEnd H

Try F I N F A1 S AP A

Substitute F s we have



Try S2 I a S at s at L Ks At S Aar

IS CECA In N 1H EAR

For 12 if skid then dim H ECA N In by 11 For the secondequality

s id implies
elastins

IEEE 2 k 5124 So for any hell

S E x 14

apply A to La we have Ich E N h Ak S Ai easy ch

Assume dim H 0 then I ecar X YETI me

Rat Using Prop4.7 it can be shown if x e Sir ARE ftp.t x x 1

then let 11 5111 one has x N 1 then x At S Aah is

a Frobenius systemofH Then LEM4.9 implies

Tru F Ex FISCAL Ai
This is the formula in Radford's trace function paper

PRopt.de Choose N e fn't and A e fn sit I At L then we have

Try A ECA RR In dim H Tr SA

PI The firstequality is Prop4.11 11 appliedto H

For the second apply LEM4.9 to e X En't I then C dim H byLEM4.10

F SFlynt and the Frobenius system used here is A SIR I

It I'm



dim n Try Cst 2 St y x S xi N

I Ix Exetsted N 2 x stliiester in
LEM4.10

RR X N NCH X N I N IH E N 171

fjt then by propane
imdb.tlMIj and x'cans to and so both H

and H't are semisimple by Maschke's Theorem THM2.1

Conversely if both H and H't are semisimple then S id byunimodularity
Cor2.6 and THM 4.8 Let aj 1 j l n dim n be the eigenvaluesof
S in H't Iwhich can onlybe 1 and let veal k t m be the

eigenvalues of S xp't then by Prop4.13 IIUj n ki ok
symisimplicity

and

By Prop4.11 11ay Try St 40 so it is a nonzero integermultipleofn

Since Mj can only be Il IÉuj1 n However for at least one j

Nj t because S't E E which forces uj 1 for all j Hence

SA idnt and s idn

Recallthe followingelementary factfor matrix algebras

LEMHI Suppose K is an algebraicallyclosedfieldofcharacteristic 0 and let

A Mn Ik Let T E Aut A besuch that TM id for some m 0 then



Tra T is a non negative real number

Every automorphismofMn1112 is niner

PFofTHM4 Ik Ik chark o

Assume H is semisimple bet T S By TMM4.8 T is offinite order

dim H o Now H OtMn k OAi so T permutes the matrix algebra

Ai We claim that Tra T 0

Forany i we have the following two cases 11 If T does not not
stabilize Ai then there exists j i sit T Ai Aj In this case let V70

be the smallest integer sit Tr Ai Ai and let B FIT Ai

Trp T 0

2 If TCA Ai then by LEM4.14 Tra T 20

Moreover Ao SH E H is a 1 dim't subalgebra of H and T Ao FA

T is an automorphism so TlafidAo and Tra T 1 Therefore

Try T Tra T I Tra T I Trb T 7 1 70

why comedy

Now we are done by Prop 4.11 Try T e A ARCH for someMESH

MESH so 1 In to which means Ht is semisimpleby Maschke

171



5 Charactertheory and the class equation

Ik Ik charlk o H fin din't semisimple
Choose A t SH WI Ela 1

Let In H lo lo Um Pm be a complete setof irreducible

left Hmodules where Ho KA is the trivial module

Character of ki fi is defined to be Xie H't Xich Try fi th

Xo E

Let R H spank Xi Osi em E H't

Asnoted before I OWE nMod if V W E nMod Semisimplicity

Vi OtVj Egg Niki Ilk Mi multiplicityof Ilk in VioVj
I 30

fusion rules

Xi Xj 2hNit Xk EH So R H is a 1k algebra

characteralgebra

Note that by Artin Wedderburn and the uniquenessoftrace f e RCH if and

only if f kh f thk t hi keH Alternatively FERCH if andonly if
Atif 2 f Ofa 2 ta 0ft i.e f is a cocommutative element


