
 Lecture 12

Last time Character theory of fin dim't s s Hopf algebras

12 H Spanin Xj EH Xi Xj Nij Xe

class equation 112 112 char11127 0 If e em is a complete set

of primitive orthogonal idempotent's in RCH w e E fat then for
each o e i am dim lilt't divides dim H and

dim H I t É dimleinhn

key ingredient to show d dia.mn

t
e21 it suffices to show

d e Of algebraic integer Essentially this followsfrom Nij E Z

Applications Examples

When H RG then the theorem reduces to the usual class equation for
finite group Indeed we have

f e RIH fighg f th Vg h e G f is a classfunction
Thus hi Ic og where Ci is the i th conjugacy class of G and

dim CeiH't 1 Oil which divides 161



When H 112G H 11201 and there are 161 linearly independent

characters In this case RCH H't 1kG and the idempotents ei in

the class equation are just the primitive idempotent of1kG and enH't

are irreducible 112G modules Then the divisibility in theclass equation

in this case is Frobenius classical theorem that the degree of an
irreducible G module divides 161

45.6 Zhu Suppose Ik is an algebraically closed fieldof characteristic O
and H is a th Hopf algebra ofprime dimension p then HE1122421

PI By the clan equation p It Is p
ti This forces ti o for all

i 0 Hence there are p linearly independent characters ofH and

HE 1k So H is commutative and semisimple so by THm 2.3.1

H't E AZ p z and HE 1k p2 171

Actually Zhuproved H is sis if p 3 and the care p 2 is trivial
THM5.6holds forall dimH p K K charIlk 0

In 1975 Kaplansky conjectured an analog of Frobenius theorem for
Hopf algebras which remains open That is

Conj Kaplansky Let H be a finite din't semisimple Hopf algebra

over an algebraically closed field of characteristic 0 Then for any
irreducible module Yof H we have dim V I dim H



Chapter 3 Drinfeld double

In this chapter we consider arbitraryHopf algebras over arbitrary fields unless

specified
Commutativity

St Quasitriangular Hopf algebra

DEI An almost cocommutative Hopf algebra is a pair H R where H

is a Hopf algebrawith bijective antipode S and R e HOxH is an invertible

element such that for all hell
I 0 h R o th R

where e is the usual swap map

In sigma notation I ha0ha R I hOha Rt

LEMI Let H R be an almost cocommutative Hopf algebra and let V IN

be left H modules Then V0 IN E IN011 as left H modules

PI Define 4 V0 IN WOV hy vow to Rt wow Then

for all hell

4 h wow R I ha oh wow

2h ha
rigging

h 9 tow 1

Example Any cocommutative Hopfalgebra is almost cocommutative w

R In In However such an H can also be almost cocommutative w

a nontrivial R On the other hand if H 112G for some finite



nonabelian group G and take g h E G sit ghthg Thenby the

definition of the coproduct of H we have for 11 1k8g W Koh

that dgh

11,344.140

but Sgh W 011 0 so Vow NOV

8 3 Sy0oz

as H modules Hence H can not be almost cocommutative

Recall from Prop 1.5.9 if H is cocommutative then S id

PROPI Let H R be almost cocommutative Then is inner More

precisely write R E ai Qb and a Sbi ai EH Then

U EH and for all he H we have s th what Su h Su

Consequently u Su E Z H

centerofH

PI We firstshow that for any he H
A uh Sachin

By definition R Q In I h Oxha Oh haOh Oh Rada

and this can be rewritten as

I ai h Obiha Oh I ha ai Oh bi oh

pig'said
Eh Aiha Q µ

Thus I S Ch S biha ash S cha SChibi ha ai



LHS Y S bihzy.gg Sibi ai h uh

RHS I S Cha Sibi Iha ai s th u

and this proves x

Next we show that a eH Write R FCj 0 dj and set

v F S dj Cj then by x we have

ur u S dj Cj I Sidi a Cj s big aiCj

M e id 05

II IH

FigariCjObidj In OIA

Thus by A Stv a In so U E H and Sachi n hat

Applying S on bothsides we have 5 Sh Su Sh Su so by
the hijectivity of S S Ch Su h Su Now 5 ch n ha

Su h su so ubu e 14

DEI An almost cocommutative Hopfalgebra H R is quasitriangular
QT if 12 12 ai o bi satisfies the following conditions

1.1 O O id R RB1223 and id Oo R 12131212

where R Ii ai Obi 01h 1223 I 140Ai O bi and



R I Ai O 14 O bi In this case R is called a universal R matrix
i

of H A QT Hopf algebra is triangular if R I R

In general forany QT Hopf algebra H R w R E ai bi and

for any n 2 given by the content Rik is understood as an

n fold tensor and j k indicates the positions of ai and bi
w all components In exceptfor the j and K th position

n 2 Rat 2 bi O Ai

n 4 1214 1223 Ey Ai09
Qb Qb 12231214

PROPI If H R is quasitriangular then we have

1 2 121212131223 12231213 1212

1.3 said R Rt id E St R SOS R R

1.4 E O id R 1h01 Cid O E R

EQid E AiObi 2,1 Eca Obi In InQ ecailbi It I Ecai bi
In DIIIPI First by definition we have

121211223 R a Ox id R I R o ai O bi
i

I to Cai R Qhi e aid Exide R



IQ id 12131223 1212 12231213 RR
I

If
bi I Aajobj

I Qai Qb aj at Obj
23 13 I ECai OxAi z Obi I40Aidi

To prove 1.4 note thatInQR e aid Q id CooidR

Ea id O id R 1223 Ej
E ai QAj Oxbaby
InOx lait bi F IQajObj

In Q Eaid R Ina cancelling19k from both sides

we have 191,0In In Ox EO id R Applying u on bothsides we

have Indy aid R The other equality can be similarly proved

Finally we have

R Sox id R Fi Ai Scaj O biby

Maid id ox said R 1223 aid ides aid nooid R

eoxid R In Ox In Said R R

Now consider H w coproduct 0 t O and antipode sur s

Since t is an algebra homomorphism on HOH

2 R OUP h T R GCh T EOCh R D h TCR

for all heH x Hot e R is QT Therefore by the above
Moreover it is easy to check that



we have SWPox id e R staid TCR 21125

applying I we have id 05 R Rt Finally

SOS R CidOS Said R Cid OS Rt
idOs id Ost R R ME


