
 Lecture 14

Lasttime QT Hopfalgebra QYBE

52 Co
quasitriangular Hopfalgebras

DEI A coquasitriangular CQT Hopf algebra is a pair H r where H is

a Hopf algebra and r E HOH is a bilinear form on H satisfying the

following conditions

CQT 1 r is invertible in HOH
y in Homie

unit

CQT 2 r
thy me r where we identify r w 7 or eHome HOHH

multiplication M HOH H

CQT 3 ro M Q id p r ro id M p r'd

where r'd 2 XO E V23 E Q 2 and 213 E Qr I O id
when H is findiml

The pair is called almost commutative if it only r 2,9 oxy EH OH

7 9 0

2satisfies CQT 1 and CQT 2

IFEuny.ie
I Elb Rica Yicc

Lar head
Write above in terms of H

Let a b c d e H be arbitrary elements then r Caoboxc Ecb rca Oc

CQT I says there exists r E HOH s.t

r th r a Qb I r Ca Qb r AzOba L r caQb olazabal

r tr a Qb Eca Ecb



CQ T 2 requires I r la Qb aab 2 RiazOba b a

r thM a Qb me tar

CAT 3 says r o ca Oid Laoboxc 613223 a Qb Oc

p ab Qc I rcake r b ca

Note the notation here is different from Montgomery's book

Let Hir he CQT If H is finite dim't then HOH 4 04 as

Hopf algebras In this case CDT 1 and CAT 2 imply that H't r

is almost cocommutative In fact I CAT 2 is equivalent to

a A if e A if r for all f e n't

r k o't f a oxb 2 rca Qb 04ftCazOba 2 r la Qb f carb
e 4 if ta r caQb

Moreover CAT3 is exactly GT3 for H

PropI Let It be a finite din'd Hopf algebra Then a pair Hir is COT

if andonly if CH't r is QT 171

Example Let H be any commutative Hopf algebra then H E QE is cat

Example Let H lkG be a group algebra then H admits a cat structure

r e HOxH if and only if for all g h K E G



r g Q h elk

gh hg

righ Ok rig ok och ok rig a hk right regak

Therefore in this case H r is cat if andonly if the following conditions

hold I G is abelian a r is a bicharacter of G X 6 6 1k

xigh k xcgkinduced from
XChk

xcg.hki xcg.hsxig.hr
Bydefinition hicharacters of G naturally corresponds to group

homomorphisms from G to G Hom G 112

Now suppose b is a finite abeliangroup of order n and suppose 1k

contains a primitive n th rootof unity Then G E G and IRG 1128

in one to one

By Prop 2.2 the AT structures on IkG ane correspondencethe bicharacters on E

For example consider 6 2221 e g written multiplicatively Write
É E 8 where E is the trivialcharacter and 81g 1 Then there

is only one nontrivial bicharacter Z on É namely 18 8 1 and

all other a values are 1 Suppose Rz is the QT structure on K G

corresponding to and write

Rz d CeQe t da le ag t a lg a e t 24 gog e IkG KG

By the above discussions we have

EO E Rz 2 t da t d t 24 21 E E 1

E 08 Rz 2 da t 23 24 Z E J 1



J O E Rz Ni t 22 23 24 218 E 1

8 08 Rz 2 da 23 t 24 218 8 1
systemof

The above'tlinear equations has a unique solution i.e a da 43 2

44 12 and Rz is exactly the R in the previous section

LEM21 Let Hir be an almost commutative Hopf algebra and let 11 44 be

left H comodules Then V0 IN E WO11 as left comodules

PI Define Paw V0 IN 111104 by row Erling p Ig
Since r is invertible Bmw is a linear isom It remains to show that it

is an H comedule map Let f he the coaction of H

YO IN INOV
How a Hav

evow I I swap trigger
Hox vow IM Hox WOT maid aid

Sway o Br w now Pwor E V wa O ve Wo Ovo

I in a 0 a

wing Yg Ev
2

kidOx Byw o Prow now 174

Set 11 IN in theabove Lemma then we can show that Br v is an Rmatrix

for 11 In fact it is clear that one can define a cat bialgebra in the

same way as we did for Hopf algebras Then Lem 2.5 holds also for



CAT bialgebras i.e a cat bialgebra gives rise to an R matrix on every

comodule

The famous FRT construction due to Fadden Keshetikhin and Takhtadjian

says that the converse is true Namely if anykittlectorspace V admits

an R matrix BE Ant VOV then I a cat bialgebra Ap r

sit Il is a left Ap comodule and B E AutApl 11011 and

B Pv.v defined in LEM 2.5 The construction is briefly described as

follows

Let ri I I tie N be a basis for 11 and write the matrix presentation

of B wi r t via uj I ki j N for 11Oxy by
B via Nj I bij Ven Ove

k l

Consider the free algebra Fp 112 X's I 1 Es te N generatedby a

family of indetermines 1st and bet Ip be the two sided ideal of
Fp generatedby all elements of the form

E X x binI big X's Xi
eminemKkLEN

where i j sit run over the index set 1 N Then the quotient



Ap FB Ip has an essentially unique CAT algebra structure

determined by A Xt EX OKit E Xt 8s t
1 1

and r E Ap QAp is determined r Xi QXj bjil

For example suppose Ik A and dim1111 2 w basis Ni Na

It is easy to check w r t v O V V Ova Va Ovi Va Ova the

matrix
q o o o

O 0 1 O
B where f t d is not a rootof

0 I g g o

unityO o o f

is an R matrix for 11 Denote Xi a X's b X C XEd then

the algebra Ap is generatedby a b c d subject to the relation

a ab ba b a ab ba b
be as ad be bd

I If I
ca ch da db ca ch da db

c ed de d

It is easy to see that

Ap A la b c d I ha gab ca fac ch be db qbd da ad q q 1 be

w the bialgebra structure defined above As a bialgebra this is called the

coordinate ringof quantum 2 2 matrices and is denoted by Og Male



in Mont book I compare w O Male in our Section 1 4

One can introduce a notion of q determinant so as to define Og Sta E

and Og Glace In fact it can be shown e.g Kassel's book

Og Slack is dual to Hq sls in an appropriate sense

53 Drinfeld double

DEI Let It be any Hopf algebra w bijective antipode S w inverse St and

let heh ft H't be arbitrary elements The left coadjointactionof H on
H is given by

h f I h f 5 ha

The right coadjointaction of H on H't is given by

f e h I 5 hi f ha

Rat The coadjointactions are related to the obviousadjoint actionsof H on itself
It h kEH ad h Ck L h k Sth and ad h k 2 Sth kha
then it is easy to check

a h s f k s f ad 5th k and

f h k s f ad 15 hi k

For example if 4 1126 for a finite group G then H't 1126 In this

case for any x y Z E G y Ex Z Ox zy Oxy Z

so Y Ox Oxy1 Similarly da y dy in Hence



ye 8 y ra y Oyay 1

When M is finite dim l the coadjointactions make H into a left
H module coalgebra and it into a right HA

OP module algebra Thatis

AttWP h f 2 h f Ox Ch ft

f If Of At op f E f oxf Atf toy foxy
AtWP f xoxy flyntand

o th e f 2 h fa Q that f D

At at ch e f x oxy h f ya

I Ch f 51ha ya

I f 5chayah

2 h tf Ox h f x oxy

I hi fo 5Chia a ch f 5 ha y

I L fo 5 ha x h af 51ha yh 7

if 51ha yhehe x h 2 Lf 51ha yah
5th y x h

5th yah


