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gitcop It

THN3.3 Drinfeld Let H be a finite dimensional Hopfalgebra There exists a

unique Hopf algebra structure on the vector space

D H H'M A H Ht cop O y
Ibtwtie

such that for all 9 4 E N't and a b E H the following conditions are satisfied

The multiplication on D H satisfies

9 x a th b I 4 ait 4 A Caa 4 b
mutt in H't Mutt in H

The unit on D H is givenby ID H In't A In EM In

As a coalgebra D H is the tensor productof H or and H that is

ADay y na I 19ÉaQIaa E DCH QD H

and EDH En't O Ey In Q E

The antipode of DCM satisfies

Spin I 9 na e a Sca ft Y A 11

Siaa 5 19 a S ai 5 19



Moreover if e it is a basis for H and e is the corresponding dual

basis for H't then D H R is a quasi triangular Hopf algebra

where R 2 Emei XO e n In E D H XO D H
i

whose inverse is R 21 E Ali Q s Lei Ox In E DCH O DCH

DEI Let H be a finite din't Hopf algebra The quantumdouble of H is

the quasitriangular Hopf algebra DM described in That 3.3

Note The proofof THM 3.3 involves massive calculations which are omitted

Details can be found in Kassel's book Majid Physicsforalgebraists Here

we illustrate a proofof AQ id R R R as an example
data elata

By def we need to show y

I en enen XO En enca Q e n In L Emei Ox en ej Ox ere ath

Evaluate bothsides at a n r Q b a s ox cont e non
03

On the one hand

I LLHS I am r Q bas ox cat

L Ela E b t 1H r Leia s Leica e c
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Sime c 2 e cc ei so I G QCca D C L e'cc ein Ox ein
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On the other hand

I RHS a n r Q bas XO cat

ELa Elb t114 rLei s ej e ie c

time I r ceil e r F sleg et s

E a Elb t In VS C

Httcop A1h

Rid Bydef we have embeddings n
pH and

Mtope Say

Moreover CY na 4 A 1h e a a compare w

ha 9 A1a
I 9 1 e NI In E a

This implies themultiplication is completely determinedby Emei e n th

where er le are dual bases as before Indeed

eine i lek r ee le an
ifeng.gg

atn cen ee

em a1H ENen

I cIi cen a 1a em a ta Eren le n ee

I cham e em a en ee

Consequently the universal Rmatrix R defined in THM3.3 is independentof
the choice ofdual basis Indeed R is the image of Fei Oe EHOM't

under the tensor product of the embeddings H DIM H es DCM



CorsI Let H be a finite dimensionalHopfalgebra Then H is a Hopf

subalgebra of a QT Hopf algebra and a Hopf algebra quotientof a

CAT Hopf algebra

PI H G D H as Hopf subalgebra H es Don't so DCA EA H

is surjective But D Mt is cat

Example Let 4 1126 for G a finitegroup w the canonical dual basis

G forH and 8g I goG's for H't Note that for H't P we have

A't'm og Egg Ty Oxdie En't og 8g e and 5 og 8g

As a vectorspace DIN spank og a h I g h E G and themultiplication

is determined by Eng 8h r e 8
gag i n g

Verification is left as an exercise what is g e on

We have the following simple observation

LEMHI Suppose dimH a Then for any 4 EH heH

he 4 2 49 5 19 k 7 92

h 9 1 14 5th h ha

PI We prove the secondequality It4 EH

44 h 9 2 44 5 19 h 42 7

I Ya h a 4 ha s 5 9 I h 7 2,29 51h3 Ya hi 4 ha
I L Y 51h31 h CY ha 14 2 24 51h3 h ha 171



LEMI Suppose dim H a D Then for all 9,4 E H and h k eH

19Ah 4 a k I 9Ch t y 5th s a ha k

19ah 4 a k 2 94 a 15 14 h Y k

PI 14x h 14 n k Z Y h t 4a01Nthit47k_w.r.t At
I 9th Ya A 44 5 ka ha ha a k

I 9Chi ta a s y 5th ha s h k ÉgII 9 h Lexikon a h k

Recall H f e n't a bell I f a b tf ab If a Cfa b

I Lf a fi b

2 4 h e x 51h4 h a h k

I 4 hi 4 51h4 ha x 5Chi x h k

I 4 h e x 5Chi h 51h2 a ha k

ii
1

I 9 h y 51h3 a ha k 174

Therefore by Knik above the multiplication in D H is actually determined

by CE ah 9M In I Ch 9 56h3 a ha



IM Radford Suppose dim H a choose 0 A e f and o theft
then X M A is a left and right integral for D H In particular DCA

is unimodular

Sh Let get be the distinguished group like element RecallbyProp 2.47

5112 1 and 511 gt 12 are both dual bases w r t the same

bilinear form then

H I 5Cha Ox 1 2 s ai g O 12

Consequently we have 2 N O Aa 2 112 0952111 and so
fat on Eh a g s ch5113 901,012 13Oh 012 It 012013 ai gt g 012 013

5113 ga Q 12 2 flute 013
In 1

By LEM3.8

xx A Gah E X N Y 51113 n Aah

I I 11 Y 5113 g s a Ash bydef of fit and g
Ii x h 9 5113791 7 A Az h

E X 44 In 7 A th LEEK xxx Epa 19ah and

In a eSpens
To show a an efans we S fi Sii to derive the left integral
version of t i.e I Ai ox 1 I 1 o s ai g for o a eft

I

Note The g in our course is the inverse of that in Radford 94



Coz Suppose dim H a TFAE

DCH is semisimple

H and H't are s S

H and H't are co s s

DH is co s S

Moreover if char 1127 0 then TFAE

DM is s s H is s s H't is s s skid
DAD is co s s H is co S S H't is co s s 171

54 Yetter Drinfeld modules

Goal describedDCH modules in terms of H

Given any left Dirt module 11 w action A it is automatically

a left H module
h or v Ehh I v

and a left Hamodulen is giveshF comedule structure
9 I w 9 A 1a D V

They are compatible in the following sense

h 1 9 11 v ENL 9A In G v

th Y 5th a ha v I Ch 9 5th I ha v

Point Dial mod V a
V H mad
H com

t compatibility


