
 Lecture 16

Last time quantum double of Hopfalgebra findim'll

D H HA OP M H QTHA

9M In ehh 9Ah Leah ya In E Ch y 51h3 aha

54 Yetter Drinfeld modules

If V ERep DCM then it is an M and H module w compatibility

x h ear L ah ya In a v L Chi 9 51h3 a ha v

DEI Let H be a finite dim l Hopfalgebra A Cleft right Yetter Drinfeldmodule

ofH is a triple 11 8 P where Il is a finite din't v sp 8 H 011 V

f 11 V0H are linear maps such that

V 8 is a left H module
11 f is a right H comodule

Hoy Fids HOH Q this diagram commutes

A Qf I did 08

HOHOVON HOV

ido eQidl I e

HQV0HOH VOH

80M I I laid
YOU Fou VOHOH

The categoryof Yetter Drinfeldmodules ofH is denotedby a XD



In sigma notation we have

I h no ox hav I Cha v O Chao v th

for all heh r e V

THI Suppose dim H a Any left Dot module has a natural structureof a

YD module and vice versa

PI Assume U E Rep D H By previous discussions H V 11 V

By LEM 1.5.4 11 has a natural right H comodule structure if ei ei

is a dualbasis for H andH't then the coaction is defined by

f 11 YOxH f v I Leia v Q ei Er No Q Nil

We will show 14 f t aXD by verifying H hell well Yeh

idOx9 I ha no O hea wa lid 09 I Cha Leia v oxha ei

I Lacey Yea Chia ha Leia v

I Yea then ha fu a v

I Lahey ha Le 5Cha a Chia v

Recall I 412 a Ya Y a and I Ya ca 4,2 a 4 HYEH't a cH

so LHS 2 Cha Y ha 5Chess A Chia v

I Chu Y 17 Chia v

I Yu then 412 I hea ee v 2Dhuiaceieiathmo.us



I Le a Chia v 4 lei ha

CidOx4 I le a thin v o e h in

Sime 4 is arbitrary holds i.e Y f E HYD

Conversely suppose Y f e nXD we have H All by
9 I N I Wco Y was It 9 EH r E V

Define 14A h 2 v 411 h v To show this is an action

it suffices to verify x HYEH well

I has 4 5Cha a thin r

I Chia or so I ha Y 5tha Chaz or u 7

1 tha v in 44 5this ha or a ha 7
M I I Chu no Y 5Chin heaven

II Nco L 4 was h 9 a v

i e V R E RepCD H 171

It is easy to derive that Rep DCM E nXD as categories

5 Categorical perspective of the Drinfelddouble

DEI A monoidalcategory is a b tuple G Q H a l r such that

8 is a category I t Ob 8 and Q 8 x E E is a functor
abstractbinaryoperation on category E

l I O idg r ox I idy a c o Ox ox to

are natural isomorphisms



It a b c d e Ob18 the following diagrams are commutative

a oxb ox c oxd
daQbc d f Laab c o d

dd

pentagon
aQb Oxford a Q boo Qd axiom

da b cod I t da boo d
a ox box cod ME a Ox boxc oxd

a ox 1 Qb IN a Q H Ob

Va Qb Lage
triangleaxiom

a Qb

MacLane GTM5

A monoidal category 8 is strict if a b r are all identities

RMI MacLane's coherence theorem implies that any monoidal category is

equivalent to a strict one

Enample Forany bialgebra BitRep B is a monoidalcategory in thefollowingway

Op I 112 E A LY f E Rep B la p lk E 0,14 f

Y f a Qpr n a v need to show liv p is a B modulemap

la p b o ca Qu levp I Elba a Q biz v f
I a Elba bin v a bow b la v counitcondition



du v w U911 gain a Qp Ugh is defined to be the
Need

canonical 1k linear map V41 Show it is a B module map

as it satisfies the
pygmy

I use coantociativity

Enampte Heep the cateqoryoffindiniev.sp.lk

Ok I 1k a l r as above I and I are obviously true

sometimes

tensorcategory implies certain linearity is imposed

commutativity of monoidal category can be measured by braidings

Let TO be the reversed tensor product on 8 i.e a E b b Qa

DEI A braiding on a monoidal category E is a naturaltransformation

B ox E satisfying the following hexagon axioms

t aQb O c Mi ca laQb

Ya e a b

tho Choe ga

da b c f I faQb Qc
a Ox bae coxa Qb

by
coalt

a Bb.ch TBa cQb
baa Oc box aoc

a Q cab aac Qb

for all a b C E Ob b We call b B a braided monoidal category



Prod Let B be a bialgebra There exists a braiding on themonoidal

category Rep B if and only if there exists R E B OB sit B R is QT

Sketch Suppose B R is QT For any V WE kep113 define

Byw V0 IN WOV by Byw now e R Crow

By LEM 1.2 Brew is an iron of B modules Then it is easyto check

QT condition boxid 12 12 1223

Conversely support Rep113 has a braiding B Define

R T IBBB IB Q 113 E BO B

R E BOB V

Almost cocomm

It VERep B well define 9 B Y by Y Ch how

this is B linear h Gritz h v Yu h

The naturality of B implies It 11 V4 E Rep B Hwell we W
1130113 B OB IB BoB

I Yu OU f A dew on

11 QIN INOV

Brw loawYwah BBB 1B0113

T Yu Yw i BBBI1B01B
I Yu OYw R F e CR now

4 is B linear

BBB och e CR Coch Tock R R och
11 BBB is B linear

0 h BBBC1BO1B



QT condition is implied by 1

In particular forany finite din't Hopf algebat Rep PCH is a braided

monoidal category

Similar to the quantum double construction for Hopf algebras one can contract

a braidmonoidal category from a monoidal cat

Drinfeld center construction Joyal Street Majid Drinfeld unpublished

DEI Let 1 be a strictmonoidal category The Drinfeld centerof 8 denotedby
18 is a category where objects are pairs 11 C v where Y E Ob E

Maturedinx
C v is a natural isom Cx r X O 11 É VOX called a

half braiding on V sit for all X Y E Ob66

Cxoxy v Cx v Aidy idx Q Cy u

A morphism Y C v to W C W in 218 is a morphism

f V IN in 8 s t Y XE Ob E

If oxidx ox v Cx w lidx of

A graphical calculus on monoidal categories

x

X EObie
or

id xx
I l O i a oz

X Y



if strict u xox 0

X Y Z

µ
Mf is fix Y

Cxoxy u Cx r Aidy idx Q Cy u

ii

Iii

IT

V x

Ii

I
W X

218 central object t how they commute w others

E 218 is a braided monoidal category w

V C v Oz W C w U8W C vow



Iii

iii Y
and braiding Bev c u cw e w

CV W

Z Rep H for dim H so

A half braidington VE Rep H endow 11 w a coaction P V Van

f v Can In Q V IONIAN
Then V f can be shown to be a YD module Ho

THI Let It be a finite din'd Hopfalgebra over a field 1k Then
Z Rep H E Rep DM In YD as braided monoidal categories

For a detailedproof see Kassel's book


