

 Lecture 2

Notes BIMSA course webpage After each lecture

Last time algebra A M Y

coalgebra C Itm
KG U og

2 The sigma notation

Let C be a coalgebra It c e C we write

Accs 2 ÉPÉE
TFymbolic not indicate particularelementsofC

placeholder

Eagle Recall e CQC COC swap tensor components

I Occ Cca A Con in Sigma notation

C is cocommutative F E Cen Q Cia E Ga OCas Ace G

I
sometimes own't cc
omit C I C OCa
omit I C OCa

Powerful when performing multiple 0

id OxA o cot id oxA E Can Cca



can I a in 0 a a

lexical order

E Cen Q as u Q a a I 2 I 2 2

EightiesI a in Q Cen la Ox Cia lexicalorder
I I E C1 z 2

coassociativity in Sigma notation only lexical order matters

When writing multiple o in sigmanottion reorder in lexical

order Sweedlernotation

id 00 o c DQ id 0 c In Can Cca Q 43

Exercises in sweedler's book

a
23

c E CCD Cia QCc

Inductively define A c o o idcoin a on cc

E Cen O Cca O Q Con

Recall

count axiom CEO id Alc c identify Ioc with c

Sigma notation 7
E aid E Ca 042 EL4n OCin

Theothercount axiom I Ca EcCia C Hc e G



C

Example E can
Egg

0 Cia

I we 0 Eccentcian id Q idQe o 2 Ca O ca
C

E Cen Q Cia

D C

3 Duals I

For vector space 4 let 11 Homa 11 112 Evaluationgives
rise to a bilinear form

C Y O V Ik

Lf v7 few use them interchangeably

If 9 11 IN is 1k linear its transpose is definedto be

9 W't y't
9 f v7 Lf 4 o It well few't
TH I INA TM

Note that forany vectorspace 11 11 011 t E 4011

LEMI If C D E is a coalgebra then

C't M A act Y E't is an algebra
D C Coxc o c C't



PI Hce G f g h eG't

Mcdaid foxg oh c a At

S maid foxg oh que Éterifaghih aid occ

I IMcfog Ca 2h Cca use coassociativity anddone

I f Cen g Caz Sh Ca

Ii Lf Ca s a goth coz go kid a fogoh Ca Qaa

E LucidQa fog oh c

M ly aid f c Haid f Oca f aid on

Lf c acid Oxy f c M

samenotation as above

Ink If C is cocomm then C't is comm

M fog c E Lf Can g Cca É Cf Cia g Ca

Mlgof c

A M M

If we start w an algebra when A is not finite dimensional

then y't A't AAA may not lie in A OA

A proper notion of finiteness is needed



DEI If A is an algebra then the finite dual of A is defined to be

A f EA I f 121 0 forsome ideal Etyffntecdmtwosided

dim A y

Propf If A M Y is an algebra then y't Ao E A A and

A y't y't is a coalgebra

Notation It a e A f eA define a f t A and

f a e A by
La f b s f bas
a f a b af ab

For any vector spaces IN E 11 define wt fell IF IN 0

It KEV define Xt well I IX v7 o

Bydef Nt IN and IN E X W

The codimension of W Ell is dim V W

Thefollowing are equivalent

LENZI Let A M M be an algebra TF AE

Is f vanishes on a right ideal of A of finite codimension
as f vanishes on a left ideal of A of finite codim
H f vanishes on agnifeated ofA of finite codim i.e f e Ao



4 dim A f ca 5 dim f A co as dim A f A a

7 M If E A O A

Plan I a

Sketch

1 4 Suppose f R 0 for some right ideal REA w dim Alr o

Then I a f R Lf Ra Lf R 0 Ha EA

A f E Rt I A R finite dim'l

4 1 Suppose dim IA f a then R A f
t
is a right

ideal of A Toshow It r e R Ha x EA rx ER we need to show

a f ra 0 But this is clear La f ra Laa f r

0 Moreover S f R LIF f R 0 Finally CA f
Rt AIR is finite dime

Similarly 2 5 3 6

Clearly 3 I and 3 a

2 3 Suppose f L 0 for some left ideal LEA of fin codim
Then All is a fin dimensional A module i.e I algebra

homomorphism 4 A Enda A L Let 1 Ker 19 then

I is a two sided ideal of finite codim Moreover I EL so

f I O Similarly 1 3 d to 16 are all equiv

4 7 Assume n dim A f o Choose a basis

n



g gn for A f Then Hae A a f Éhjca Gj

for some hi kn e At Hence forany a be A

Latif baa Lf ba a f b

It Chi a gj b It gjOhj boxa

so n't if II Gj hj e A OA

7 4 If atef É gj oh t A A for some Gj hj EA't

then the computation above miphies A f E spank191 gn Ik

SketchPFofProp3 Let f EAo By Lem3.4 we can choose a

basis g gn for A f Since Gj E A f for each
1 j en so A gj E A A f E A f fin dim l

Gj e Ao by Lem3.3
Since 91 gn is linearly independent I ai an EA

sit Gi Aj di j Then I hi t.hnEA't sit Itbelt b f IIhilb gi
To show h t Ao Kien note that

s f aj b f aj b In f aj Oxb

L.É 9 hit ajob tiffin Chi b che b



hi f e ai e f A hi A e f A fin dim l

By LEM 3.3 hj E A

n't f I GjOxhi e AO A
ja

The rest of the proof is routine dualize productand unitdiagrams


