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4 Bialgebra

For two algebras Ai mi y j i a there ÉÉjÉ
structure on A OA2

µ A OxAa Q A aAa dhotoidAF A OA OA OA

I M M2

A AAa

and Y 7 OMa i e Ca Gaa b Oba a b Qaaba

It aj by E A j j 1 2 1AOA 1A O fAa

Similarly the tensor productof two coalgebra is also a coalgebra

In this course an algebra homomorphism alg map preserves the unit

DEI A bialgebra over IR is a 5 tuple B M Y O E where

B M M is an algebra B O E is a coalgebra sit eitherof the
following equivalent conditions holds

A E are algebra homomorphisms
s algstructureon tensorE B

the equivalence is left
M M are coalgebra homomorphisms as exercise

A subspace 1 of a bialgebra B is a two side bi ideal if it is
both an ideal and a coideal A K linear map between two bialgebras

is a bialgebra homomorphism if it is both an algebra map and a coalgebramay



Example Foranygroup G IKE w algebra coalgebra structures

defined before is a bialgebra Itg h E G

A gh gh o gh gog hah a cg ath

gh I Ecg Eck

A
fundamental exampleof cocommutative bialgetras

Example Forany lie algebra of Ucf is a bialgebra w algebra coaly

structures above

Prop41 If B M Y A E is a bialgebra then Bo A E M Y't

is also a bialgebra

Ich By Lem3.1 B O E is an algebra and by Prop 3.3

Bo Mt Y't is a coalgebra B QB BooBo

Estshow 13 is a subalgebra of B att B B 13
t

By def 9 11 E Since Ker E has codim 1 so EeBo
E B Ik

Now for any f g E 130 we have B f and B g are

finite dim'd by LEM3.4 For any a b E B since B is bialy

we have

a a fg by fg ba 1 09 ITIIba Ox basisI c f ba all sg biz aus
I be au O basaces

I say f bei a aa g bias

I a fan f ang beefIe c a f an g b

a fg I can f au g E spank B f B g

dim B fg a fg o fog e 13 t



A Bo Bo E B E 12 E 130 Bo At Et is

a subalgebra of B A Et

Next show Mt Y't are algebra maps It f GEBo a be B

y't f n't g a Qb I hurt if g a ox b

left as exercise Lfg McaQb
v

I fa ga a fingin aox by a fg ab
I

recall I far a afan y f cay I a ye B

77

DEI Let C be a coalgebra

An element x E C is group like if A a xox x and if Ece 1

The set of group like elements in C is denoted by Gcc

For any group like elements g h E Glc the set of g h primitive

elements of C is denoted by
Pg h o ee CI o ca xox g t hoc

If B is a bialgebra P B P B The elements of PCB

are called primitive

Example For any Liealgebra of and aceof E Ucof is primitive i e

K E P Ucf

LEMII If C is a coalgebra Glc is a linearly independent subsetof G

Hint Since E is linear 04 Glo so any single elementof



Glc firms a linearly independent set

Let n min me IN 1any
Entitlements in GCC is linearly independent

Then n 1 Suppose g x g t t ing for distinctelements

g g ga E G c w hi An elk Then on the one hand

A g go g Ey Ai Dj Gi Ox gj

n

On the otherhand 019 0 TjRj9j É Ii GjOxgj

By assumption 9 OxGj I i 5 1 in is linearly independent
so n 1 g x g Apply E on bothsides I in 9 9

FA

RAI
For C IkG G C G However for general coalgebra G

GIG may not have additional structures FortbialgebraB G B is

a monoid

Example Let It be any algebra Define f A A

Alg A K f E A I f is an algebra map
f E Alg A k iff fitA ÉI and It a beA

Latif aQb flabtfalflb af of a Qb

iff naif f af and y't If 1 iff f e G Ao
i e Aly A K GIA








