
 Lecture 4

Lasttime

convolution product on Homie C A

f g Mao fog o de

If g c E f can g can HCEC

Antipode for a bialgebra B an antipode is an element se Homie B 13

that is inverse to ida under

s id x I S aan Aca E x 1H Y E x

YE Ka Scan id S x

Hopf algebra a bialgebra w an antipode

grouplike

Recall for any Hopfalg H Hg he GCH Sigh gh L g
Sch Scg

Propit Let H M Y 4 E S be a Hopf algebra Then

I S is an algebra anti homomorphism
a S is a coalgebra anti homomorphism i.e HaeH

SOS 0 a e 0 Sean and E Sca else

swap

Shh Consider the bialgebra HOH w count Enon xoxy Eca Ely

Define 9 Y HOH H by



9 xoxy Sexy Y Cray Say Sox Haye H

a 4 in Hom HOH HWTS 9 M MnÉTTHomm
Hon H under

Ha YEH
9AM xoxy M I 9 Ka Oya Q M din Oyou

I scha ya amyea I S Cayton ay ca Elzey 1H

ECK ELY 1H YEHOH ROY

MXY x Q y M I MCKU OYen Q 4 Can Yea

I 741,415151401 YElton not y

Therefore 9 9 u xx 9 y Y 4

Moreover In E 4 In S 1H 114 51141 so S is an algebra

anti homomorphism

To show S is a coalgebra anti homomorphism consider

I WI H HOH by E OS I c SOS A

Then show I A Yuan E A I

j I

Muay I Kil XO 7421 Q S644 XO S Riz

I xu S xx Q E Rca In It
É

ayyy yjyy
11 a l in

I Xu S Elden 743 1H

I Kus S Ren XOLH

E x IHQIN



In sigma notation I S au QScreen 2 Sac ca ox a a

As a consequence s So S is an algebra homomorphism

Propst TFA E

4 I S Xin Ken ELA 1H Y ECx F X E H

2 I Ken S Ras E x 1H MECK HaEH

S id

Consequently if H is commutative or cocommutative then S id

Prop5.7PI

I

13 Assume 11

S Sa x I S Ras Sa 242 I S I Saiz xu ÉS ER 1H
E x LH YE x

S ye x s id G x sa id

3 4 Assume 13

IS 14in 241 2 S642 521241 S 2 Stan Xen S ECK In

E x 1H YE x

2 FB is proved similarly 1

Example U of is a Hopf algebra w antipode Scac x Oneof
cocommutative

Example Taft algebras
Let n 2 be an integer and assume 1k contains a primitive n th rootof
unity s



The Taftalgebra Tna S is a k algebra defined by

Tna S 1k x g l x o g 1 ng 5q x

dearly dim Tna l n w basis girl I i je o n t

Tna15 has the following coalgebra structure and antipode

Dlg gog A x X Q I got X

E g 1 E x O

S g g Six g n

Tal's is

nonnative
non cocommutative Hopfalgebra

if ord s co then S has to
have even order

S g g s x S Sou 5 g x E Sigy
gtxg I x

S gini g g ai It si je n t

ord S2 n or ord s 2n

The smallest non comm non co comin Hopfalg is Ty H

Rmt I Hopf algebra whose antipode has infinite order Sweedler's book

By integral theory such Hopfalg must be a dime

Propbf If HM Y A E S Hopf algebra then H A Et

at y't St is also a Hopfalgebra



Sketch By Prop4I it remains to show that 5 110 EH 0 and

St satisfies the antipode conditions

It a belt f Elt't La S if by as if ha Lf Scba

Lf Seals b s f e Sca Scb S f scar by

Therefore H S f S f SH E S If H Hence if
f E Ho then by Lem3.4 Stef Ello

To check the antipode condition of S H xe H fe Ho

I Stefan fin a 4 Lo't Safa Ofra x

f

I Stefan Ka afan run II far Scala fan Ken
f Ct

Ein Eggen
scans axons

Ii Lf Scola can Ecu fan C E y't f x 7

The other conditions are left as exercise 171

6 Modules and comodules

Recall a left module of a 1k algebra A is a pair M j where M is

a 1k space J A Q M M is a K linearmap such that the

following diagrams commute

n d



A QA QM Ed A OM KOM Iid AOM

id art I r F 118
AOM I M

The category of left A modules is denoted by AMod

Moda

Example Let A be an algebra Recall we have defined a f EA't by
sa f b s f bas Ha beA f EA't Easy tocheck

Att E A
Mod

DEI For a coalgebra C a right C comodule is a pair M P
where M is a K space f M M Q C is a linear map sit

M I MO d

f i doo
M T M Od

l I did QE
MOC Ed Madox a M alk

are commutative The category of right C comadales is denoted by
mod

Cmod

Sigma notation for right comodales Pcm 2 ma ox may EM ad

we understand that moi e C for all i 0 Similary for a left
C comodule N P N C O N write

f n I Ma O Nco E C O N



A comodule homomorphism btw M PM and N Pm E Cmod is

a linear map f M N sit M I N is commutative
em d f la
Mad Eid Nad

Rinks Recall if C is a coalgebra then C
t
is an algebra

Suppose M P E Cmod so that It me M l im I mcos Oma

Define P C QM M by Tcf am I f mas Mco EM

forany f EC't then one can easily cheek M F E exMod

The converse is not true in general For an arbitrary M 8 E g Mod

there may not be f M MoxC sit M f E Cudd and 5 8

A d module which has a C comodule structure in theabove fashion

is called rational

Example C is a C comodule left andright via f C C OC

LEMGI Suppose A is an algebra If M S is a right Ao comodule

A M is finite dim'd for all me M notsigma

Conversely if M is a left A module and A m is finite tim'e
i i

for all me M then M is naturally ÉIo comodule

A m e spanppl mi Mr 2 Conversely fix me M and



let mi Mr be a basis for A m Then for any a e A

a m É fi la Mi for some fi e A't Now all the functionals

multi in A

fi vanishes on the ideal her At EndCA m which is cofinite

so fi E A We are done by defining f MT MOA fam É'miofi
ME

Enample Consider C A e Cmd By theabove we have a d module

structure on C by

f c 2 f Coas Can EC H fEC't c e d

Alternatively It f g e d Ig f c 2 Lf can g can

gf c

is the transpose of right malt of C
C E e Mod

Similarly CC E Moda WI g c f a fg es or

c f I f can can H f g EC't Ce C


