
 Lecture 5

Last time comodule C coaly

f M MOC coassociativity

M I MOC

I id OA
M M O c

fd e I idQe
MacHdMac oc MOR

f m I Mco O Mci I Mo OM1
A C comodule is naturally a C't module

C is a comoduleof itself via A C CoxC

C is a C't module H f EC't H xe C

f c I f ca C E C

c e f I f Ci Ca E C

A right subcomodule D of C is also known as a right coideal of C

that means A D E DO C Similarly a left coideal E of C is a

left subcomodule i.e A E E C O E

Ink Every left C't submodule DeC is a right coideal This is a

special case when the converse of theabove holds Choose de D

Write A d II di Odi for some di dm ED and duty In

notsigmanotation

are linearly independent mod D For any f e C't f d É fide di ED

By construction fidi o forall i m Since f is arbitrary di o for all

i m i e Ald E D to C



People Let G beanygroup A vectorspace M has a 1kG comodule

structure if and only if it is a G graded module that is M geoMg

Sketch Assume M P is a right KG comodule Invite fam I ng Og
GE G

forany in E M Coassociativity I g a oh g I myox gog
ghEG GEG

so f Mg ng tog Setting Mg mg I me M then

Mg rMh 8ga Mg Moreover thecount condition implies HmEM

Lidae mgoxy 2my M Q I M So M gg MgGEG GEG t
1Elk

Conversely if M goMg then one can check directly that

f M M O RG sending m I ng to fam 2 myoxg is a
9EG GEG

right 1kG comodule structure on M 17A

Now assume H is a Hopf algebra

DEI Let M be a left H module The invariants of H in M are elements

of the set M me H h m Ech m the H

Let M f be a right H comodule The coinvariantsof H in M are

elements of the set
MWH me M f m MO IH Y



Example

A trivial left H module is an H module M sit M M

Let H KG If M is a left H module then M Mo If M

is a right H comodule then Mw Me in lightof the decomposition

M toMg Prop 6.6
gEG

A direct consequence of LEM 6.4 last time implies

Propf 4 Let M P is a right H comodule and consider its left
H't module structure then Mtt Moon
a Let M be a left H module sit it is also a right H comodule Then

MH Matt 17

Thewhole next chapter willfocus on H where H acts on itself by
left rightmultiplication

Teg.int yt.gyy4fjgdhtnmod How is naturally an Hmodule

via A h vow 41 ha v Ox hea w

IthEH well we IN

In termsofmaps the module structure on V0 IN is

Yuan ly O Guy id o e o id A Q idOxid

HOVOXIN HOHOVQIN HOYOHOW VO IN



Similarly if V Py IN fu E Cmod then VOW Pyon is

also a right H comedule where

l yaw id aid QM o id Oe aid o ly Q fu
V0 IN YOH O WOH NOWOHOH VOWOH

i e Pyg V0 W 2 Nco Wco Q will win

DEI Let It be a Hopf algebra A right H Hopfmodule is a triple
M J MOH M P M M QH sit

as M 8 is a right H module

d M S is a right H eomodule
3 P M MOM is a right H module map where H acts on itself

by rightmultiplication

Can rewrite the last condition in theabove def as
M F MOH I mo h OxMiha T

ht 11 h 2 m h Ox m h de

M I MOH

We can also replace condition 1 w the condition that M is a right Kmodule

where K is a Hopf subalgebra of H then M is called a right
subHopfalgebra

H K Hopfmodule The categoryof all right H K Hopf modules is

denoted by Hmodk It is easy to define Hmodk KHmod and IHmd

Enampt H itself is an H Hopf module via f A



For any IN E Moda INOH equipped w the natural module structure

is an H Hopfmodule via id A INOH INOHOH

right therightHHopfmodule

Let LN be a twin module consider INOtt as above For all we 114

and a b eH we have w Qa b I w b o a b I w Elbi Oxab

w a ab In otherwords the H module structure on Wan is id Qu

For any vector space 11 it is easy to check that HOH idOu id OH

is a right H Hopfmodule We call it the trivial right H Hopfmodule

structure on VoxH

Igyantamdangagenthomanttittikitt Then me no on as

right H Hopf modules where Mo OxH is endowed w the trivial right
H Hopf module structure In particular M is a free night H module of
rank dim MOH

Sketch Define P M M OH by Mts 1 mo Semi O ma

We firstshow that B M E MO OH by showing

f 1 mo Sam I mo Sam Ox1H for all me M
f 2 Mo Scm 2 Mo S Mi Q Mo S mi

bydef ofHopfmodules x

I Mo o SCMi 2 Ox mo s cm y
anti comultiplicativity

of S



I mo S Im Q Ma S Ma I mo SMa Q Elm 1H

I mo S Mi Q 1h

Im't
MOM hell

Define a MW OH M by m oh no m h we check a and

B are inverse to each other Indeed It m EM on heh

Ba in oh p m h I Cm h o S nih Ox m 4 a

Sime m E Mo and f is atmodale map I heypaid e m hD I 0 o

llm h m ai h tmi.fi ggid0A coassociativity

Module
map

So Bac m oh 2 fur h SCha Oh I m h 51ha O h

I m E hi Qha m Oh

Conversely for any me M

aB m a 1 Mo S Im O Ma 2 mo Scm ma I mo OxElm
Wfmt

m MoonOH I M
ie

pidgthonatitman
Now we check a is a right H comodale map

Choose
any m eMOH

h k EH we have m em

f a m oh f m h m h Oh

a aid id 00 M oh
Manon I M

Finally we check a is an H modulemap inaton 4
k

a m oh k nth k m hk

a m ah k aim oxhk
t
idQM

to a is an isomorphism of right 11 Hopf modules 174



Example Let G be anygroup H K G and let M beany right1kG
Module

Prop6 6 MegoMg and I mg Mg Qg for anyMg EMg

Also G acts on M and I being a right H module map means 1cm h

f m h for all he G That is I1mg h mgh Ogh
Mg h Mgh for all g h E G In particular Me g Mq

We can compare this w the Fundamental Theorem here Man Me
and M E Me O IkG as AG Hopf modules implies that

My E Me Og

Although by FundamentalTheorem all thepf modules are trivial but inpractice

the difficulty is toprove a vectorspace has a H Hopfmodule structure

so that the Fundamental Theorem can be applied We will see this is

Chapter 2


