
 Lecture 6

Lasttime Fundamental Theorem ofHopf modules MI MO OH

Man me M I l Im M O In

Chapter 2 Integral theory

In this chapter all Hopfalgebras are assumed to be finite dim't unless
otherwise stated

2.1 Definition andexistence

DEI Let It be a finite dim'd Hopfalgebra A left integral in H is an

element N E H such that h N EchlN for all hell

a right integral in H is an element A EH such that 11h Eth A

for all hell The space of left resp right integrals in H is

denoted by Si tresp Si and It is called unimodular if ÉSI

Example Note that H is also a Hopf algebra A left integral in H
is also called a left cointegral of H By definition such an element

N E H satisfies 4 I Eat 191 N for all 4 eH't Equivalently

NEH is a cointegal of H if andonly if for any 9 EH and Ke H

e it x

iffydefof TPI I cacointegral
linearity

if and only if id 0 x o cat Alan In

Similarly a right cointegralof H is an element x eH't s t



XR O id 0 x N n In for all a E H

Example

If 4 1126 for a finitegroup G then 11 14 g is both leftand

right integral in H and Sit SI KA
In H't 11126 a deEH't is a left and right cointegralof H
for instance I id O del 01g id Oxde go.gl delg g de g e

for all g e G Moreover SH SH IKR BothH andH't are umimodular

gand it has left andrightintegrals

If H is commutative then H is unimodular

Basis I olg ga Jo 92 1 ng gu

The Sweedler Taft algebra H Tat ti is not unimodular

It is easy to check that A at ga is a left integral
x At a t nga O g x o E la At

gAt go t g's x tg x At Eigi At

In addition St 11211 Similarly A x gre is a tight integral
and SH 11211

gnd
has leftandright integrals

If H is cocommutative it may not be unimodular assume char112 2

and of be the 2 dim't Lie algebra of IRL x y I ix y a

Endow U of with the usual Hopfalgebra structure and let

B E U Y be the ideal generated by x and y y then B is a

Hopf ideal and H H Y B is a cocommutative 4 dim'd Hopf

algebra with basis I K Y Ty One can check that St Katy
while S 1kg7 1k ay ta



A finite dins'd 112 algebra A is a Frobeniusalgebra if there exists a
non degenerate associative bilinear form C n A A 112 where

associativity means la be ah Cl for all a b c EA

Forexample Mn k is a Frobenius algebra with a b Tr ab

THM1 Larson Sweedler

let It be any finite dimensional Hopf algebra Then

I dime SH dima fyi 1

at theantipode S of H is bijective and 811,4 Sit
131 H is a cyclic left and right H't module
147 H is a Frobenius algebra

To prove the theorem we need the following observations

1 H is a left H't module via left multiplication
N

H is a right H comodube by LEM 6.4 chap 1
More precisely if 4 In is a basis of H't and f en't
be an arbitrary element then there exists hi hn E H s t

for any get't gf It 19 hi Yi

The H comodule structure on H is then

f H't H't OH 91ft É Y Oxhi

Conversely if f if I to O ft then gt Icg.fid



2 H i a right H module via if th sh

for any f Elt't h le H Equivalently f h Sth f

LEMII H't T P E Hmodit
PI To show that f is a right H module homomorphism

H H OH

h I d h high
lift h

I foth Qfiha
H't I H'tOH for all f e n't anthem

As noted above the information of fifth can extractedfrom

g If th when g varies in H't so it suffices to show that

g if th 2 19 f ha fo th
First we study g f ht For any x E H on the one hand

s g f th x g Sh f a 2 Lg x c Sh f ra

I 2g a s c f Na Sthi

On the otherhand

I s tha g f hi a LL tha g f x Sth

I cha g Leyla
s f Leela

at Khilafat a Ishibashi
I s h g is that f 25th

Meg m ugh
I L g x Schalk f x2sch

I sg x c f as1h17
so 191t hl 11hagif.hn

t



Therefore by x above and t it
91 t h I

Etiilgittstal
the

I c ha g ft fo th 2 g ftha s t fo hit
as desired Mi

PigIIIT m H't e Hmodit soby the Fundamental Theorem of
Hopf modules ME MW Q H Since dim M dim H't dim H

so dim I M 1 By Prop 6.9 Chap 1 Man MH't Ht

Byabove discussions the right H comodule structure on H't corresponds to

the left H't module structure givenby leftmultiplication so

Mon H f e H I 9 f EH 9 f f y
and so dimSH 1 for any finite dim'd Hopfalgebra 11 Applying this

to H dim ft 1

Now choose of X E flat then SI 1kt Let
a ki OH Man Q H M aex oh i t h SK n

be the map in the proofof the Fundamental Theorem of Hopfmodules
then forany k e Ker S a 1X Q k 0 Since a is injective Ito

so k o which means S is injective By dimension counting
S is also surjective so S is bijective Consequently 51141
because Scat h 518th 1 S I Ece ni e this in Snest
for any A ESrt Thus dim E 1 We have I and 12



1
FundTHM

Let X to be as above We have HA A H ÉSH x ÉH n

Dualizing the equalities gives 131 Finally define a bilinear form

HOxH 1k Ch k La hk U h k e H

It is easy to see that the form is bilinear and associative and it

remains to show l i is non degenerate since H is finite dimensional

we onlyneed to show left non degeneracy Assume there exists heH s t

forany k eH O Ch k x hk I k d h so

LH X h 0 By 13 H X H so L H h 0 This

means h o and we are done 171

Remarks If A is a Frobenius algebra in theabove sense then A A

via the form l i Then one can define a coalgehattrymlocal a o bl

I a ab and Eli x fA for all a a b e A

The algebra and coalgebra structure can be generalized to define Frobenius

algebra objects in tensor categories I related to topologicalquantumfield
theory

Example When H 1kG for a finitegroup G the bilinearform is determined

by a de E Spit then for x 2 agg y I be h
get heG

x y Fe ny 2 agbgt E lk
gE G


