
 Lecture 7

Integral theory for finitedimensional Hopfalg H

h At Ech Ah the H

THMI UHopfalg H of dim so dimSi dimfar 1
S is bijective S Sri SK H is a Frobenius algebra

2.2 Maschke's Theorem

Let R be a ring and M is a non zero R module We call M reducible if
there is a proper submodule 0 N E M otherwise M is irreducible If M

is a direct sum of irreducible R modules then M is called completelyreducible

In particular the ring R is semisimple if R is completely reducible as an

R module

Curtis Reiner Representation theoryoffinitegroup and associative algebras

The classical Maschke's Theorem says that if G is a finitegroup then KG

is semisimple if andonly if 161 is invertible in 1k

Translating this into the language of integrals let 11 fi g E SkG then

units in 112

ElA 161 and IG1 Elk if andonly if e A 0

IMI IS Let H be a finite dimensional Hopfalgebra Then H is semisimple

if andonly if a Sj 0 if andonly if e SH to



PI Assume H is semisimple Since Kerce is an idealof H by complete

reducibility we may write H I her E for some'tdeal 1 0 of H
We claim 1 E SH Choose 2 E I and he H Since h ech th e kerce

so h z
LEMIRE

t Eth Z Eth 2 and so 2 Sf Since

I is one dimensional I SI and wemay choose 0 A E I sit E A 0

as 114kere Thus E Sh 0 Similarly El H to

Conversely assume E SH 0 Then we choose A t Sh s t ECA 1

Let M be any left H module and N an H submodule We will show that

M has a complement in H Let a M M be any k linear projection

and define I M N m Z A1 a S Aa m t me M

Weclaim that I is an H projection of M onto N

Firstly for any ne N E M E in I As Sha n 2 ASAD n

E A n n so I is a linearprojection To see F is an H map note that

forany heH

E A QAa Qh A A Oh A A Q I Ech ha
I A Eth A Qha 2 AChN 0ha 2 h A Qhall O h

Therefore forany heH

5th m I I.atsiais.E.m
I h A a T S halla h m

I huh a Sha

Eye
m

I h N o h S Aa m h 2 A T SAa m h E m



Hence Kerch is an H complementfor N so M is completely reducible

Therefore H is semisimple Finally assume E SH 0 we can applysimilar

argument to rightmodules 171

Runt TAM2.1 doesnotrequire the use of THM 1.4 the existenceofintegrals follows

from semisimplicity of H in this case

Ag E
A k algebra A is separable over1k if A Q E is a semisimple algebra over

E for every extensionfield E 1k In particular separable algebras are necessarily

semisimple An intrinsic characterization of separability is given as follows

gg
tammmimmaoa aaan

section 0 A A A dit 0 is an A A bimodal map i e write
A AQA

at I ate a

real 2 a ai Q bi Z ai O bi a and I ai bi 1A
In this case the section o is completely determinedby the element pi oHA EAQA

which is called the separability idempotent associated to o Bydef p p
See CRJ

Example Fix me IN Let eij EMn lk bethe ii j th matrixunit then

evil i 5 1 n forms a basis for Mn 12 Fin an integer 1 Ex e n and

define Pa II ein Oxenj E Mn Ik QMn lk then Pa is a separability

idempotent of Mn1112 Indeed M Ipa Is einenj II ejj idn 1Muck

and for any tea b en



lab P Ig lab eja Oxenj lan Ox cab g ein Qenjlab Pa lab

Therefore Mn Ik is separable

over1k

Contd Let It be a finite dimensionalsemisimple Hopfalgebra Then H is separable
over112 and forany Hopfsubalgebra K E H such that H is free over K

we have K semisimple HERE

A Let Elk be any field extension We willshowthat HQE is semisimple

Note that H O E is a Hopfalgebra over E via

A hox a A th Q a E HQHQE E HQ E QE HOakE

E h Q 2 Eth a E E

S hoxa Sch O d E HOME

for all he H ne E It follows that SI QE Shoe So by THM 2.1
HO E is semisimple

Now let K be a Hopf subalgebraof H sit H is free over K and let hi

be a freebasis of H as a K module Choose A eShWI ECA 0 wemay

write A 1 kiki forsome ki E K Then forany seek

I a ki hi x A e la A 2 Ein ki hi

Since hi is a free K basis we have seki E x ki for all i i.e

ki E Si for all i Now e A Z Eck echi to implies thatfor some

j E kj 0 so K is semisimple by THM 2.1 MI

RMI In fact all finitedimensional Hopfalgebras are free over Hopf subalgetras and so

all Hopfsubalgebras of a finite dimensional semisimple Hopf algebra are semisimple

L



Let H be a finitedim'd Hopfalgebra For any of Ne Si tÉHate
Nh ESf Since dimSty 1 so 11th ach A where a th elk

It is clear that a E H and for any h k e H

hk At N hk Nh k 21h Nk Nhs alk Ah so

2 hk ath alk i.e a e Alg H 1k G Ht
grouplike elements in H't

DEI Let It be a finite dimensional Hopfalgebra The distinguished grouplike element

of H is the functional a E G H't such that Nh ath at for all A e f n
and he H The distinguished grouplike elementof H is the element g e GCH such

that x Q id och Nch g for all the Spit and heH

If we start w 04 A eSn then SCA E ft so forany he H

hAR 5 I S AR SCh
LEG St S AR a Ch A

p
a e GHA inverse inthe

algebraH't
By def H is unimodular if andonly if a E

Cod If H is semisimple then H is unimodular

PI ByTHM 2 I we may
choose 04 A eSh w E A 0 Let a e G HA be

the distinguished grouplike element thenfor any hell

a th E IN A It Ahf Eth A Eth E A A

Sime E A 40 we must have a th ech for all he H i e It is unimodular

2.3 Commutative semisimple Hopf algebras

An easyexample of suchtHopfalgebra is H RG for a finitegroup G



Upto extension of field this is the onlyexample

over1k

TAMI Cartier Let H be a finite dim l commutative semisimple Hopfalgebra

then there exists a group G and a separable extensionfield E 1k such that
H OE E EG as Hopfalgebras

Sketch Since H is commutative and semisimple by Artin Wedderburn

H Ot E i where Ei are fields containing112 Moreover each Ei is separable

overIR by Cor2.4 Thus we may
choose E to be a common extensionfieldof all

the Ei which is separable 1112 It followsthat HQE E E O where n dim H

WLOG we may assume that HE 1120

Let pit it in be a basis of orthogonal idempotentof H and

GE gil it i n be the corresponding dualbasis for H't Since each

gi E Alg H K G HA so G E GCH Moreover byLEM4.6 chap1

GH't is linearly independent so G Ht G is a finitegroup and HERG

is the group algebra Ma


