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Last time Maschke's Theorem 2.2
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If A is any algebra over 1k w char k p 40 then theassociated Lie algebra

Al is restricted w a b ab ba and att at for all a b e A

see thenote of Jared Warner on restricted lie algebras

let D CY be a restricted Lie algebra and let Ucof be the usual

enveloping algebra Let B be the ideal in Ucof generatedby elements of
the form x set for all setof and define a of

V9 B then

recof is called the restricted enveloping algebra or re algebra of of

In fact recol can be defined using the universal property of U og
As for U of of embeds into recof via se to set B and the

Ip map is the usual p power map under this embedding

A versionof PBIN theorem holdsfor ucof given a basis for of the ordered

monomials in this basis where the exponent of eachelement is boundedby
p s form a basis for acot
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Finally ucf inherits theHopfalgebra e Yes b t B

structure from Uof as one can

check B is actually a Hopf ideal



THMBI Hochschild

Let of be a finite dimensional restricted Lie algebra over 1kofcharacteristic

p to Then recof is semisimple if and only if of is abelian and is

spanned over Ik by ofEPI

PI Let E he thealgebraic closureof 1k Since u ofQE a of Q E is

semisimple if and only if ucog is semisimple and ofOxE spans ofQE

over E if andonly if of is spanned by of over 112 So we mayassume

INLOG that Ik Ik Calg closed
Assume of is abelian and is spannedby of Then H a G is a

commutative Hopfalgebra and the p map is semilinear Moreover H H
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H H is injective and so It has noxuilpotent elements so it is
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Conversely assume u of is semisimple We firstshowthat forany actof
x e x P E u of where x spank x I it IN EY Bydefinition

restricted

a is an abelian Lie subalgebra of of By the restricted PBM H V19

is free over K a 1a so by Corollary 2.4 K is semisimple Therefore

there enists A ESk w E A 0
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In fact bythe restricted PBIN fix is theminimalpolynomialof se in K
Moreover A E K can be written uniquely as A goes ji biat w

bjelk and bo E A 0 By definition A Ecu A 0 so



fire divides agirl Comparing degrees we have dfias ng in for some d elk
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Finally I satisfies a separable polynomial Consequently ada satisfies

a separable polynomial and its action on of is completelyreducible Let yeof

be an eigenvector of adv Then ad acts on the commutative ring u sys

and by definition ad annihilates y
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However ye Ly bytheabove so ad y o Since of is spannedbyeigenvectors

of adze we have ads of 0 so d is central Since se isarbitrary of is

abelian ME

LENZI Let of bea Lie algebra resp restricted Lie algebra over characteristic

pto If ft Ucf resp u cof is an algebra homomorphism then

f E

Shh Let H V19 it suffices to show that f 11 1 and f x o faceof

By def flap In so f 11 f 0 At Ip If11ns 1 forall n o



For seeof we use induction to show f se n fires When n t trivial

When n 2 by induction hypothesis f ca f f x

If ox f x In t 1h xox f ca f th t fun f n

f a t n 1 f la n fix
In particular f x p fix 0 The restricted case followssimilarly
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toR3I Let char Ik p to and of a restricted lie algebra over1k of
dimension n n such that a of is semisimple Then for some finite separable

field extension Elk we have acog Q E E Et where P 4421

PI By TMM 3.3 H n of is commutative By THM 3.1 U g QE E EP

where E 1k is separable and P G H't Alg H K By definition atoy

is cocommutative so T is an abelian group Moreover IF I dim u of p

and by LEM3.4 ord g p forany nontrivial element get Therefore P 244
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RMI There is also a dualnotionof semisimplicity for coalgebras Namely one

can define simple coalgebras and simple I completely reducible comodulesof a
coalgebra in the same way as one did for algebras and modules One can show

that a coalgebra is a directsum of simple coalgebras if and only if every comodale

is completelyreducible

cosemisimple

If C is a finite dim l coalgebra then C is a cosemisimple coalgebra

C is a semisimple algebra



For example KG is cosemisimple forany group G since each g e G generates

a 1 dim't subcoalgebra 1kg E lk G which is simple

When G is finite AG I 1120 is certainly semisimple

For a Hopfalgebra H of arbitrarydimension one can generalize the notion

of a left right cointegeal in H note that H't itselfmay not be a

Hopf algebra as dim H can be a such an element X EH satisfies

fi film I for all ft H't For example let G be a compact

topological group and H RIG be the Hopf algebra of continuous

complex valued representative functions on G Consider the Haar measure

T on G and define at H by a h Sohealdeers The translation

invariance of t and Peter Weyl imply that I is a cointegral in theabove

sense

The dual Maschke's Theorem states that an arbitraryHopfalgebra is cosemisimple

if andonly if I X E H corintegal s t X In 1 More structures of
comodules and coalgebras will be discussed in the next chapter

Next time two big thins on s s Hopfalg
orderof antipode trace function
Need to review Frobenius algebra Curtis Reiner

Methodsofreptheory I
89

distinguished grouplike elements


