
 Lecture 9

Last time commutative Hopfalgebra restrictedLiealgebra

52.4 Semisimplicityand orderofantipode
Goal explain two theorems of Larson Radford conjectured by Kaplansky

Assume char1112 O H is a finite dim'd Hopfalgebra 112 In this case H't is

semisimple if and only if It is cosemisimple We will sketch theproofof

THAI S ida if andonly if H is semisimple and cosemisimple

H't is semisimple

THMII H is semisimple if and only if H't is semisimple

Wepresent a simplifiedversion oftheproof due to Schneider whoused properties

of Frobenius algebras in an essentialway So we firstrecall some basic facts

on Frobenius algebras w out proof

Let It be any finite diml 1k algebra then

At is a left A module via

AQAt At aQf is a f a f b f iba

A is a right A module via

AtOxA At f ox a m f a I f a b f cab

for all f e A a b e A



The proof of the following lemma can befound in Curtis Reiner Methodsof
Representation Theory lol I See 9A 9B

LEMEL Let A be a finite din't algebra ofdimension n TF AE

A is a Frobenius algebra

I f e A s.t themap I A At Ica a f is a

left A module isomorphism
I f e A s t the map I A At Ica If a is a

right A module isomorphism

I f e A and ri bi e A i 1 in sit forany at A we have

a FI ri f lia It f la ri bi 17

The triple It ri bi is called a Frobenius system for A Given such a

system an
associatinettiltiear

form on A is givenby Ca b flab Moreover

theelements ri bi form a dual basis wir t this form i.e Ili rig dij
Such a dualbasis is not unique but the element É Vi Oli is uniquely determined

by thebilinearform

Nowlet H be a finite din't Hopfalgebra 1112 Recall thedefinitionof the distinguished

grouplike elements in H and H

A E GCH I s it Ahh a h Ah t o Hefty heH

g e G H at tox id 0th Nth g H o theflat heH

LEMHI Choose OtheSH



Let At H be suchthat I A E then A E f and I A 1

a Let g et be the distinguishedgrouplike element then g N e fn't and
similarly I g e SH Moreover forany te f n we have

g A H Act

PI I By TAM 1.4 H is a Frobeniusalgebra w thebilinearformgivenby d By
LEM4.3 A At at N x is an A module isom Since for any
hell I e Ah k N h E h Echl e I Eth A

so AESM Moreover TCA X A Ly E 1H 1

2 Bydef forany f e H fit
Iggy

it and if figs it Now

g is grouplike so for any 4 4 t it we have

g 9411 h 194 hg 2 4 hg Chala

I 9 h g 4Chag I 19 4 hi g x ha g p g 4 h

forany hell Therefore forany hell we have

g x f h g x g s f h x gt f hg

g i f g n'chg fetus ichg
Egg

ag d h

so g x e fit and ah g e fn't can be U
similarly proved Finally if te fn then g x its x tg n'legit
Nct 17k

DEI Let A be a finitedim't Frobenius algebra w non deg associative bilinearform

1 The Nakayama automorphism ofA is themap N A A

determinedby a b b Nca for all a b EA



Note that given a Frobenius system f ri bi of a Frobenius algebra then the

Nakayama automorphism depends only on f

Recall that for any coalgebra C C acts on C from left andright via

f c I f la c c f I f ca Ca
For a finite dim'd Hopfalgebra this is precisely theaction of H't on H H

mentioned above We state the following resultsof Schneider w out proof although

it is the key technicalresult we need to prove THM4.1 4.2

See Schneider Lectures on Hopfalgebras

PROPI Let H be a finite diml Hopfalgebra w distinguishedgrouplike a eH't

Choose t eJna and AR e f n s t X AR 1 Then it SCA AE
is a Frobenius system for H w associated Nakayamaautomorphism

N h a l S th for all he H

PkoP4 Let H a g be as above Choose t e SH't and A E H s t X N L

then

x 5 Na M is a Frobeniussystemfor H w the corresponding

Nakayama automorphism N h 5th a t for all heH

Another Frobenius systemfor H is x SAF g
l n'a w the associated

Nakayama automorphism Nch g at s th g

Kind Asnoted above the two automorphisms N above are equal
The firstFrobeniussystem above is the one in Prop4.6 for H

P



Comparing the two Nakayama automorphisms above we obtain a shorterproofof
the following crucial result of Radford

THMI Let H a g be as above Then for all heH we have

5 h g a h a g

PI Sime g and a are grouplike so 5991 9 S a 2 So forany

ft H't and he H we have 4 ca

Lf S a hi St if a h 5 if d h s

L fa h Lfa Shh c f a s th

i e S commutes w a Similarly S commutes w a Moreover

a gag 1 I a gag1 a gag I a ga g ga g

I
Egg2kg9

g g aiaa n g g i a x g

for all see H By Prop4.7 5 Ch at 9 a Sach g

Applying S and conjugating by g we see that

g l s s ch a gt g th a f g
g I s g at sa h g g a 54th

so g heat g 1 a 54 h Finally apply a on both

sides we have 54 h g la h a g t

Recall by Cor 2.6 if H andH'tare both semisimple then g In and a E

In this case S id Similar results holdfor weakHopfalgebras or fusion

categories and they can be used to prove properties ofglobaldimensionsof



such categories

Toshow inthe case when H and H't ane semisimple then S id it suffices to

show that I cannot be an eigenvalue of S and we needsome facts about

traces

Recall that forany finite dim't vectorspace 11 we have 11 0 V E Enda111

via 19 Ov w 4 w v Underthis isom the linear tracemap
Try Endin111 R can be explicitly written as Try You 4 co

finitedim't

LEMI Let A be a Frobenius algebra w Frobenius system f ri bi
Let e e A be such that e c e for some c elk Then for any
F e End leA we have

c Tren F E f F eli ri

PI Forany n EA ex E f en ri li bydef Thus

edx I f ex ri eli and so c F ex F cen Flea x

I f cen ri Feel it Using the isom Endy111 I 11 011 above for D eA

we have c F corresponds to f f 1 ri Q F Celi and so

cTren F E f I Feel is ri At


